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Introduction

The concepts of bordism and cobordism is over 100 years old. In the
19th century, Henri Poincaré introduced bordism, hoping to define (ordinary)
homology purely in terms of manifolds.

In the early 50’s of the last century, bordism appeared in homotopy the-
ory. In 1950, Lev Pontrjagin used framed bordism to gain informations about
higher homotopy groups. Shortly after that, René Thom used homotopy
theory to classify (oriented) compact manifolds up to (oriented) bordism.

Then, in the 60’s, Michael Atiyah and Friedrich Hirzebruch studied bor-
dism intensively as a generalised homology theory.

Later, in the Eighties, bordism showed up in modern quantum physics.
Indeed, many invariants that arise in quantum field theory turn out to be
invariant under a certain bordism relation. Having this in mind, it is not too
surprising that Edward Witten asked how

Q™ (BO(2))

looks like. The answer to this question is the purpose of this thesis.

The text is structured in the following way. The first of three chapters
studies the fundamental objects of this thesis. After a brief recapture of the
(S)Pin groups, we discuss Pin structures on manifolds. In particular, we
will see that Pin structures descend from manifolds to their boundaries in a
unique way, allowing the definitions of Pin bordism groups. We will also give
a reduction to Spin bordism and calculate the needed Pin bordism coefficient
groups.

The second chapter provides information about the topological space
BO(2). We will give a cell decomposition and use that to determine the
homology groups of BO(2). In addition, we will determine its unoriented
bordism group Q9 (BO(2)).

In the third and final chapter, we will present the answer to the motivating
question. In sections 3.2 and 3.3, we will show that

QY™ (BO(2)) = Zs.

Additionally, we will calculate all other Pin bordism groups up to degree
4. We will do this not only for BO(2), but also for BSO(2) and BZ,, and
provide geometric representatives of the generators.






Chapter 1

The Pin groups and its bordism

The aim of this chapter is to give a comprehensive introduction into the
essential concepts of this thesis, most notably Pin structures and bordism
groups. Since the Pin groups are not as famous as their little brothers,
the Spin groups, we will review their construction in the first section and
elementary properties will be derived. In section 1.2 we will study how and
when they arise on bundles. Although this does seem to be very spectacular,
the most important result of this section is possibly Theorem 1.2.17 which
says that there is a canonical bijection between Pin structures and stable Pin
structures. This allows us to define the Pin bordism groups in section 1.3.
Since Pin and Spin are closely related, one should expect that their bordism
theories are closely related and indeed, Pin bordism can be completely de-
scribed in term of Spin bordism. This reduction is presented in section 1.4.
Finally, in section 1.5 we calculate the Pin bordism coefficient groups of our
interest with the help of the Atiyah-Hirzebruch spectral sequence.

1.1. Construction of the Pin groups

The purpose of this section is to give a short reminder of the theory of Pin
and Spin groups and to fix some notation. We will only cover the information
we need for this thesis, so the material presented here is only the tip of the
iceberg. For further information see [LM89]. Nevertheless, the presentation
of the material will be (nearly) self contained. We construct the Pin and Spin
using covering theory and classify all Spin and Pin groups up to isomorphism
of topological groups. Then, a concrete model using Clifford algebras will
be provided, which we will later use for calculations. We assume that the
reader is familiar with the foundations of covering theory on a level presented
in [SZ94, Chapter 5|. In particular, the lifting theorem for coverings should
be known.

Theorem 1.1.1. Let G be a path connected topological group and p: (é, 1) —
(G, 1) be a covering with path connected total space. Then there is a unique
group structure on G with 1 as neutral element such that p becomes a group
homomorphism. Furthermore, two equivalent covers are also isomorphic as
groups.

Proof. Since every topological group is an H-space, its fundamental group
will be commutative. Let us denote the continuous group multiplication of
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G with p. Under the isomorphism 71 (G x G) = m(G) @ m1(G) the induced
map . corresponds to the addition on 7 (G). In other words,

ps([f > gl) = [f1+ [g]-
This implies
im (g op X p), =imp, + imp, = im p,.

Therefore, we obtain a unique lift for pop X p, i.e. a continuous map f :
G x G — G sending (1,1) to 1 and making the diagram

commutative. We need to verify that this lift satisfies the axioms of a group
multiplication. For associativity, observe that i o (id x i) and o (i x id)
are lifts of yoo (id x p) = po (u x id) sending (1,1,1) € G® to 1 € G. By
uniqueness, these maps must be equal.

To see that 1 € G is a left unit, observe that g — f(1, g) covers idg,
which can be rewritten as g — p(1, g), and sends 1 € G to 1. By uniqueness,
g~ Ji(1,g) is the identity on G and therefore 1 a left unit.

The construction of the (left) inverse map runs as follows. Consider the
inverse map ¢: G — G, g — ¢~'. On the fundamental group, this map
induces ¢, = —idy,(g). Therefore, im (i o p), = imp,, and ¢ o p lifts to a
unique map i: G — G satisfying i(1) = 1. Now, the map g — fi(i(g), )
covers g — p(t(g),g) = 1 and sends 1 to 1. Therefore, it must be the
constant map sending everything to 1, and this implies that ¢ sends every
element to its left inverse.

Now, for i € {1,2}, let p;: (Gi,1) — (G,1) be two equivalent coverings
and ¢: G; — G be a continuous map covering the identity with ¢(1g,) =
lg,. Since wopuy and pso (¢ X ) cover p and satisfy popui(1,1) = 1g, = pgo
(¢ x ), we conclude by uniqueness that both maps are equal. Therefore, the
cover-equivalence ¢ is a group homomorphism. Since ¢ is a homeomorphism,
it is an isomorphism of topological groups. O

Recall that 7 (SO(2)) = Z and that m;(SO(n)) = Zy for n > 3, so up
to covering equivalence there is only one connected two-sheeted covering of
SO(n). By applying the previous theorem to this covering, we prove the
existence of the Spin group, defined in the next theorem.

Theorem 1.1.2 (Existence of the Spin group). Up to isomorphism of to-
pological groups there is a unique topological group Spin(n) satisfying the
following properties.

1. A: (Spin(n),1) = (SO(n),1) is a two-sheeted covering.

2. X\ is a group homomorphism

3. Spin(n) is connected. O



1.1. Construction of the Pin groups 9

Corollary 1.1.3. If n > 3, then Spin(n) is simply connected, so it is the
universal covering of SO(n).

The proof for uniqueness uses that a lift of a given continuous map is
uniquely determined by the value of a single point, as long as the total space
of the covering is path connected. So if we generalise this construction to
O(n), the total space will be non-connected and we cannot expect to have
a unique group structure. Indeed, it will turn out that up to isomorphism
there will be two different group structures satisfying the above properties,
essentially because a set of four elements can be endowed with two different
group structures. The next theorem makes this more precise.

Theorem 1.1.4. Up to isomorphism of topological groups there exist two
topological groups Pin~ (n) and Pin*(n) satisfying the following properties:

1. X: Pin¥(n) — O(n) is a two-sheeted covering.

2. X\ is a group homomorphism.

3. A7Y(SO(n)) = Spin(n).
The groups Pin*(n) and Pin~(n) can be distinguished by the following prop-
erty. Let r € O(n) \ SO(n) be any reflection at some hyperplane'. Then
A Y{id,r}) C Pin~(n) is a subgroup isomorphic to Zs and \~*({id,r}) C
Pin™(n) is isomorphic to Z3.

Proof. We first discuss the question of existence. As sets we define Pin™(n)
to be Spin(n) X Zy and A := Agpin % id. Any r as above defines a group
homomorphism 7: Zy — O(n) via r(—1) = r, so it can be used to identify
O(n) as a semi-direct product of SO(n) and Zs; more precisely O(n) =
SO(n) X, Zy. Using the lifting theorem for coverings it is easy to see that
the conjugation with 7 is a homomorphism ¢, : Zy — Aut(SO(n)), which lifts
to a homomorphism ¢: Zy — Aut(Spin(n)).

We define Pin*(n) to be Spin(n) x; Zy. It follows immediately from the
construction that A is a group homomorphism. The first and third condition
are also obviously satisfied.

For Pin™ (n), we define the group multiplication ppi,: Pin™ xPin~ — Pin~
via

)
HPin ((L _1>7
HPin ((l‘, 1>7 (y7 -1
pein (2, —1), (y, -1

This product is associative for the same reason the product of a semi-direct
product is associative?. One easily checks that the neutral element is given
by (1,1) and the inverse element of (x,m) is given by (mc(m)(z~'), m). Since
Upin— ((z1,m1), (X2, m2)) and ppiy,+ ((x1,m1), (2, m2)) may only differ by a
sign in the first component, the covering map A is also a group homomorphism
for the Pin~(n) group structure. As in the Pin™ case, the first and third

1 In algebraic terms: 72 = 1 and r has signature (n — 1,1).
2 If you are uncomfortable with this argument Theorem 1.1.10 gives the existence and
the proof of uniqueness below shows that the product has to be defined in this way.
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condition are trivially satisfied. Furthermore, one sees that A\=!({id,r}) =
{#£1,41}. In the Pin~ case, this set is isomorphic to Z, with generator (1, 1),
while, in the Pin™ case, this set is isomorphic to Z2 with (1,1) and (1, —1)
as generators.

Now we turn to uniqueness. For i € {1,2} let G; 2, O(n) be two
groups satisfying the three conditions in the statement and r € O(n) be
any reflection at some hyperplane.

First, observe that the isomorphism class of the subgroup A;*({id,r})
does not depend on the choice of r. Indeed, let r, be another reflection at
a hyperplane. Since r and 7, are symmetric, orthogonal matrices having
the same signature, we can find a ¢ € O(n) such that grg" = r,. By
replacing g with g := ¢ - r if necessary, we may even assume that g is an
orientation-preserving isometry. The conjugation ¢, lifts to an automorphism
mapping A\~!({id, r}) bijectively to A~1({id, ro}); therefore, both subgroups
are isomorphic.

From the third condition, we conclude that Spin(n) C G; is an open
and closed subgroup. Thus, it is a connected component containing the unit
element, and therefore normal in G;. Since G;/Spin(n) = Z,, the groups
decompose G; = Spin(n)USpin(n)-7;, where \;(7;) =: r is a reflection at some
hyperplane. In other words, any element x € G; has a unique decomposition
xr = g-7; with g € Spin(n).

Define ¢: Gy — Ga by ¢|spinm) = id and g - 71 +— g - 75 on the other
component. This gives rise to a group homomorphism because for any g, h €
Spin(n), we have

©(gh) = gh = p(g)e(h),
©(g - hi) = g - hia = o(g)p(hr),
@(gri - h) = p((grihrm~Y)r) = (grhrm—)rs,

1 ~ - _ ~ ~
(_—) grahry L. To = 90(97’1)90(}07
o @ . N .
@(grihry) = grihr 2 grahry = o(gri)e(hry).

Equation (1) holds because by the second condition, the maps h — 71hr;
and h — 7hry are lifts of ¢, with 7;2 = —1 in the Pin~ case and 72 = 1 in
the Pin™ case. So they must be equal. The same argument shows ¢z, = cz,,
so equation (2) also holds.

Since ¢ is bijective, it is the isomorphism we are looking for. ]

The previous definitions for Spin and Pin® are rather abstract and not
very useful in concrete calculations. A concrete realisation is given in terms
of Clifford algebras. We only give the definitions and state the theorems
relevant for this thesis. Proofs can be found in the excellent literature about
this topic, like [ABS64] or [Meil3].

Definition 1.1.5 (Clifford algebra). Let (V,¢q) be a quadratic vector space,
meaning ¢ is a quadratic form on V. The associated Clifford algebra C1(V q)
is the associative, unital algebra uniquely determined by the following uni-
versal property:



1.1. Construction of the Pin groups 11

Any linear map f: V — A into an associative algebra A with unit, that
additionally satisfies f(v)? = q(v) - 14, extends uniquely to an algebra ho-
momorphism CI(f): CI(V,q) — A. In terms of diagrams, this means that
the diagram given by the solid arrows can be commutatively extended by the
dotted arrow

Ve ClLV,q)
\ - aun
A.
Further, we denote Cl,, o := CI(R™, —|| - ||?) and Clo,, := CLR",|| - [|?).

Of course, this definition makes sense over any field k with char(k) # 2,
but in this thesis we restrict ourselves to the special case k = R.

The universal property of the Clifford algebra has several consequences.
For example, any linear map f: (Vi,q1) — (V2,¢2) respecting the quad-
ratic forms, i.e. f*(¢2) = q1, extends uniquely to an algebra homomorphism
Cl(f): Cl(V1,q1) — Cl(Va, go). Furthermore, this assignment is functorial.

Definition 1.1.6 (Transposition). Define on C1(V,q) the new product z x
y :=y-x. The inclusion ¢t: V — CI(V, q) still satisfy ¢(v)? = q(v) -1, so there
is a unique algebra homomorphism (-)': (CI(V,q), ) — (CU(V,q),*), which
also can be seen as a linear map from the Clifford algebra (CL(V,q),-) to
itself.

Definition 1.1.7 (Parity operator, even and odd elements). The parity op-
erator II is defined to be Cl(—id). By functoriality, II> = id, so it is an
involution. We denote the denote the eigenspace to the eigenvalue 1 and —1,
with CI°(V,q) and CI*(V, q), respectively. An element z € CI(V,q) is called
even if it lies in C1°(V, q), and odd if it lies in CI'(V,q). It is called of pure
degree if it is even or odd. To an element x of pure degree we can assign its
degree, denoted by |z|, which is zero, if x is even, and one, if z is odd. The
Clifford algebra can be (additively) decomposed into an even and odd part.
The set of even elements form a subalgebra.

Definition 1.1.8 (Norm). The norm N: Cl(V,q) — CI(V,q) is defined by
N(z) := I(a")z = (II(z))'z. It can be shown that this map actually takes
values in the real numbers and is multiplicative [ABS64)].

Definition 1.1.9. Let o: Cl(V,q)* — Aut(Cl(V,q)) be given by o(z)(y) =
[(z)yz~!. Define I' := {z € Cl(V,q)|o(V) = V}. This is a subgroup of
Cl(V,q)*.

Having introduced the previous notation, we are finally able to describe
the Pin® and Spin groups in terms of the Clifford algebras Cl,, o and Clg,,.

Theorem 1.1.10 ([ABS64]). We have the following isomorphisms of groups.
1. Pin*(n) @ {z € T|N(x) =1} C Cly,
2. Pin"(n) = {z €'|N(z) =1} CCl,p
3. Spin(n) = {zx € T'|N(z) = 1,1I(z) = x}
Furthermore, the groups on the right-hand-side are multiplicatively generated
by R™, considered as a subset of the appropriate Clifford algebra. Therefore,
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an element is in Spin if and only if it is in Pin and a product of an even
number of vectors.

The following observation relates Cl, o and Cly,. As mentioned above,
a Clifford algebra, considered as a vector space, is generated by elements of
pure degree. We define on Cl,, o a new product given by zxy := (—1)Wz.y.
It is easily verified that this product is associative. Now ¢: R" < (Cl,, ) is
a linear map satisfying t(v)? = (—1)v? = [|v||* yielding a unique algebra
homomorphism 7, : Cly,, = Cl, 9. The same construction works on Cl,,,
so we get a unique algebra homomorphism ~_: Cl,, o — Cly,. We conclude
v+ 07— =idey, , because it is an algebra homomorphism extending ¢: R" —
Cloy,. Analogously, we get y_ o y4 = id¢y,,,. Consequently, we have proven
the following lemma.

Lemma 1.1.11. Cl,, o = (Cly, *) and Cly,, = (Cly, 0, *), viewed as algebras.

Let us close this section with the following remarks. The construction
for the Spin and Pin™ groups we discussed here was purely topological; the
only information we used for the construction were number of path connected
components or informations encoded in the fundamental group of the base
space. In fact, Theorem 1.1.1 can also be applied to GL(n)", which has
the same homotopy type as SO(n) (the polar decomposition yields a strong
deformation retract GL(n) — SO(n)). Therefore, Theorem 1.1.4 can be
generalised to GL(n). We denote the corresponding groups with GSpin(n)
and GPin™(n), respectively. These groups actually play a minor role in this
thesis. However, they are the underlying reason why the existence of a Pin™
is independent of the choice of a Riemannian metric. This will be explained
in the next section.

1.2. Pin structures on bundles

Having introduced the Pin groups, we are in the position to study under
which condition a vector bundle possesses a Pin structure. Our base spaces
are assumed to be at least paracompact, but the developed theory here will
be applied to CW-complexes or compact manifolds only. A great deal of this
section is inspired by section 1 of the very worth reading paper [KT90b].

Definition 1.2.1 (Pin structures). Let O — B be a principal O(n)-bundle.
A Pin* structure on O is a reduction to a principal Pin*-bundle. That
means that there is a principal Pin®-bundle P — B and a M-equivariant
map p: P — O, ie. p(p-g) = p(p) - AM(g), making the following diagram

P—" -0
B—4 .p

commutative.
A vector bundle E — B possesses a Pin® structure if there is a Rieman-
nian metric ¢ on E such that the corresponding orthogonal frame bundle
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O(E) := {(R",(-,")) & (E,, g.) | p isometry} — B possesses a Pin* struc-
ture.

A smooth manifold M possesses a Pin® structure if its tangent bundle
possesses a Pin® structure.

Definition 1.2.2 (Equivalence of Pin structures). We call two Pin® struc-
tures (P;, p;) on O equivalent if there is an equivariant map 0: P, — P,
making the following diagram

p—% .p
oO—4 .0

commutative.

More generally, a map ®: O; — O, between two principal O(n)-bundles
is called Pin*-structure-preserving, if ®*py: ®*P, — Oy and p1: P, — O
are equivalent structures.

Let us emphasise that the equivariant map p is part of the structure and
that, although every structure equivalence is a map of principal Pin®-bundles,
the converse does not hold in general. In particular, different equivariant
maps p;: P — O may yield different Pin® structures. An example is given
below, see Example 1.2.11.

Since any principal bundle can be represented in terms of 1-cocycles (see
Theorem A.1.4), it is desirable, not only from a philosophical perspective
but also from a practical one, to have an equivalent descriptions in terms of
transition functions. A criterion is given in the next two lemmas.

Lemma 1.2.3. A principal O(n)-bundle O — B has a Pin® structure if
and only if there is a Pin™-bundle P — B, an open covering U = (Uy)aca
together with trivialisation maps (Vo )aeca for P and (Py)aca for O, such that
the corresponding transition functions are related by

ggﬁ = /\(955)7
where \: Pin®(n) — O(n) is the covering map.

Proof. "<" We define the equivariant map p locally via

elu
Py, < Oy,

| l%

Ua X Plni(n) WUQ X O(Tl)

This map is well defined because, for every p € Py, N Py,, we have
®50plpy, () = Pgo @ o (id x A) 0 Ta(p)
= (id X g§,) o (id x ) 0 ¥g 0 W5 0 Wy(p)
= (id x g§,) o (id x A) o (id x g25)(m(p), s)
= (id x X\) o Uy
=®go0 p|PUB (p)-
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Note that p is equivariant because all local restrictions are so.

"=" Let P % B be a Pin® structure of O — B and U = (Uy)aca
an open covering of B, over which P and O trivialise simultaneously. The
local trivialisations for P are denoted by ¥,, the ones for O by ®,. Due
to equivariance we have ®, o p|p, o U ' (u,g) = (u,0,(u) - A(g)), where
0o: Uy, — O(n) is the map given by ®, o p|p, o W '(u,1). Define new
trivialisations for Oy, by ®/ := (id x A) o ®,. It is easy to see that they are
indeed equivariant homeomorphisms Oy, — U, x O(n). Little substitutions
show @/ o ply, o U, (u,q) = (u, A\(g)). O

Note that in the previous lemma we adapted the trivialisations of the
orthogonal bundle O to the given bundle P. In practice, we would like to
adapt the trivialisations of the Pin® structure to a given set of trivialisations
of the given O(n)-bundle. In other words, to a given O(n)-cocycle we want to
find a nice Pin®-cocycle covering it. The next lemma gives a positive result in
the case the base space can be covered by 'good’ open subsets, namely path
connected and simply-connected. When the base space is a CW-complex
or a manifold, we always can find such a covering because they are locally
contractible.

Lemma 1.2.4. Let P % O be a Pin* structure and (Uy)aca a covering of
‘good’ open subsets over which P and O trivialises. Let a set of trivialisation
maps O : Py, — U, x O(n) be given. Then we can find a set of trivialisation
maps Vo : Py, — U, x Pin®(n) making the following diagram

p‘Ua
PUa OUa

v | o

Ua X Pmi(n) WUCM X O(n)

commutative.

Proof. Let U,: Py, — U, x Pin™(n) be a set of trivialisation maps. Using
the same notation as in the proof of the previous lemma, we have ®,0p|p, =
(id x 04(-) - A(+)). Since U, is path connected and simply-connected, the map
0: U, — O(n) has a lift §, — Pin*(n). Now,

U, = (id y (éa(-))l) o,

defines an equivariant homeomorphism. It is straightforward to verify, that
those ¥, make the diagram in the assertion commutative. O]

Lemma 1.2.5. Let P; 2% O be two Pint structures on O, {043} a cocycle
representing O, and {pfxﬁ} cocycles representing P; and satisfying the relation
A(p;ﬁ) = 0Oap-

Then Py and P, are equivalent Pin~ structures if and only if there is a
0-cocycle {x,} with values in Zq = ker X such that

1 -1, 2
paﬁ =Ty paﬁxﬁ'
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Proof. "=" Let §: P, — P; be the structure equivalence, (U,, ®,) the trivi-
alisations of O yielding the 1-cocycle {o,5}, and (U,, V%) the trivialisations
of P; giving {p},5}. Further, define the family of Pin*(n) valued function ,
via

id x 24 = V2 0o (W)L,

These functions actually take values in ker A\ because of

id X A(xy) = ppoPyo0bo (W)™
=®,0idop; o (V)™
=®,0(0,) ! =id x id.

Hence, on U,3 = U, N Ug we have the identity

id x péﬂ =®,0 () ' =Vlohoho (\I/é)_l
= (Tho0 o (W) ™) o (V2o (U3) ") o (Th000(Vy)T)
= (id x z ;") o (id x pZ4) o (id x xg)
=1id x (35;1 Opiﬁ oxﬁ) .

"<" Define : P, — P; locally defined by
v, = (\Ifi)_l 0id X x4 - oW |y, .

This gives an isomorphism of (abstract) Pin® bundles. Since x, lies in the
kernel of A, the map 6 covers the identity because it does so locally by
construction. [

The previous lemmas provide the necessary tools to work out some ele-
mentary examples.

Ezample 1.2.6 (Pin structures on line bundles). Let L — B be a real line
bundle over a CW-complex or a manifold. Choose a Riemannian metric and
consider its associated O(1)-principal bundle of orthonormal frames O(L).

We claim that O(L) has a Pin™ (1) structure. Indeed, let {g.s} be a set
of transition functions representing O(L). We define a lift hoz: U, N U —
Pin™ (1) given by

s (1) = er, if gap=—1¢€ O(1),
PN, i gag =1€0(1),

where e; denotes the standard basis of R C Cly;. Clearly, A(hag) = gag, SO
it remains to show that the family h.g satisfy the cocycle condition. Since
9aB9py9va = 1, it follows that precisely zero or two out of these three trans-
ition functions are not the identity. However, since e = 1 and Pin™(1) is
commutative, both cases yields hoshg o = 1. Therefore, the cocycle {h,z}
gives a Pin™ (1) structure on O(L) due to Lemma 1.2.3.

Ezample 1.2.7. For any line bundle . — B, the three dimensional vector
bundle 3L := L& L®L has a Pin™ (3) structure. Indeed, if O(L) is represented
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by the transition functions {g.s}, then O(3L) is represented by Gag = Gagp -
idgs. Define ho5: U, N Uz — Pin™ (3) via

s (1) = 1, if gap(u) =1€ O(1),
AP\ ereges, if gop = —1 € O(1),

where {¢;} denotes the standard basis of R® C Clz . Since ejeges-ep-ezege1 =
—ey for every k € {1,2,3}, we conclude that h.g is a lift of G,5. From
(e1e2€3)* = 1 we conclude as in the previous example that {h.s} satisfy the
cocycle condition. Thus, 3L possesses a Pin™ (3) structure by Lemma 1.2.3.

Ezample 1.2.8 (oriented vector bundles). An oriented vector bundle £ — B
of dimension n possesses a Pin™ structure if and only if it possesses a Spin(n)
structure. Indeed, choose a set of local trivialisations over a good open cover
(Un, Po)aca (we assume that B is either a CW-complex or a manifold), such
that the corresponding trivialisation functions take values in SO(n). By
Lemma 1.2.4 we can find local trivialisations for the given Pin® structure
such that the corresponding transition functions h.g are related through
Gap = A(hapg). But this implies that h,s takes values in Spin(n) and therefore
we have a reduction to a Spin(n)-principal bundle. This is precisely the
definition of having a Spin(n) structure.

On the other hand, let p: Pspinn) = O(n) be a Spin(n) structure. Then

p X id: Pspin(n) Xspin(n) Pin™(n) — O(E)

is a Pin™ structure on E.

Ezample 1.2.9 (Spin structures on the circle). Let SO(S') = S! x {e} be
the bundle of oriented orthonormal frames. There are two different Spin(1)
structures on SO(S!). The first one is the trivial Spin(1) structure

id x A: S x Spin(1) — S* x SO(1)
and the second one is given by the connected two sheeted covering of S1,

()% St — St

2 22

These structures are obviously non-equivalent, because the second one is
while the trivial one is not. The circle endowed with the non trivial Spin(1)
structure is denoted by Si..

Now we want to determine the obstruction for existence of a Pin® struc-
ture. To this end we use a generalisation of Cech-cohomology to non-abelian
groups. Its definition and properties can be found in the appendix, see The-
orem A.1.4.

Theorem 1.2.10 (Obstruction for Pin structures). Let E — B be a vector
bundle over a paracompact base space and w; be the i-th Stiefel-Whitney class.
Then E possesses

e o Pin" structure if and only if wo(E) =0

e a Pin~ structure if and only if (wy — w?)(FE) = 0.
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In particular, the property of possessing a Pin® structure does not depend on
the choice of the Riemannian metric.

If E possesses a Pin® structure and if B is a CW-complez or a mani-
fold, then HY(X,Zy) = H(X,7Zs) acts simply and transitively on the set of
equivalence classes of Pin™ structures.

Proof. The short exact sequence

1 Zs Pin®(n) —— O(n) 1

gives rises to a long exact sequence
..—— HY(B,Zy) — H'(B,Pin*) 2~ HY(B,0(n)) = H%(B, Z,)

since Zj is central in Pin®(n). Any O(n)-valued l-cocycle corresponds to
a principal O(n)-bundle. Thus, for every x € H'(B,0(n)), there exists a
classifying map f: B — BO(n) such that f*FO(n) = x and we have the
following commutative diagram

H'(B, Pin*(n)) HY(B,0(n)) —*—~ HX(B, 7,

4 o,

.. —— HY(BO(n), Pin*(n)) =X H(BO(n), O(n)) —== H2(BO(n), Z»)

with exact rows. It is well known that H?(BO(n),Zs) = Zslwy, ..., wy),
considered as graded rings. Therefore 6L (EO(n)) = pfw? + puzw, is the
universal obstruction for a Pin® structure. We determine the coefficients by
considering special examples.

Firstly, observe that p3” must not be zero, otherwise every oriented vector
bundle would possess a Spin structure, which is known to be false. For
example, the universal bundle over BSO(2) cannot carry a Spin(2) structure.
Next we conclude from Example 1.2.6 that p = 0, because there exists
non-orientable line bundles, like the tautological line bundle over RP2. Recall
that for every line bundle L, the vector bundle 3L possesses a Pin™ structure.
Since wy(3L) = 3wy (L)? = wy(L)? and w;(3L)?* = 3%w,(L)? = wy(L)?, we
conclude (wy —w?)(3L) = 0. But, for the tautological line bundle v — RP?,
we know wi(72) # 0, and derive therefore p; # 0.

Summarising: We have deduced that 6! = ws + w} and that 63 = w,.

A very nice way to see that the existence of a Pin® structure is independ-
ent of the Riemannian metric is to use the generalised Pin group from the
previous section. From the commutative diagram

1

HY(B, Pin*(n)) HY(B,0(n)) —— H2(B,Z,)

Linol* Lincl* = l id
1

HY(B, GPin®) —~ H'(B,GL(n)) —— H*(B, Z)

Ax

with exact rows we conclude that any reduction O(E) C GL(FE) carries a
Pin® structure if and only if GL(E) carries a GPin® structure. But the
latter is independent of a Riemannian metric.
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Now let O(E) — B be represented by the cocycle {g.s}. The action
of H'(B,Zy) = H'(B,Zy) on the equivalence classes of Pin® structures is
given as follows. Let 2 € H'(B,Z) be represented by the Z,-valued cocycle
{zap} and a Pin® structure P of O(E) be represented by {h.s} such that
A hag) = gap (after a restriction to a refinement of ’good’ open subsets, we
may assume that all three different cocycles live on the same domain). Then
the action is given by z.P := P’, where P’ is the unique Pin® structure
represented by {Z,s5-hag}. Note that {z.s-has} is a cocycle, since z,45 takes
values in the centre of Pin™(n).

This indeed defines an action because (z+y).P = {ZapYaphas} = ©.(y.P)
and 0.P = {1aﬁha5} = {haﬁ} =P.

One can see that this action is free by the following argument. Assume
that © = {w.3} € H'(B,Z,) maps P represented by {h.s} to an equivalent
structure P’. Lemma 1.2.5 implies that the cocycles {z,5has} and {h.s} are
cohomologous by a coboundary with values in ker(\). In other words, there
is a family of continuous ker(\)-valued functions {f,} such that z,gh.s =
fahasfs'. Since ker()) is central in Pin®, this is equivalent to {z.s} =
{faf5"}. Thus, z is itself a coboundary, so z = 0 € H'(B,Z,).

To verify transitivity, let P and P’ be two Pin™ structures on O(E).
Again, we pick trivialisations for O(E), P, and P’ such that the corresponding
transition function of these bundles are related by gas = A(hag) = A(hi,5)-
Then {zap} = {hag(hlz)""} is a set of continuous functions U, N Us —
ker(A). We need to verify that {x,s} satisfies the cocycle condition. This
follows from

1 = haghpyhya = TaphasTayhyarahl

/ / /
::L‘OéﬁxBWxWahaﬂ By vy

= Taplpylya-

This shows z.P’ = P and we are done. O]

This theorem has many implications. For instance, there are Spin struc-
tures on a given SO(n) bundle which are not equivalent, but isomorphic as
abstract Spin bundles. This observation extends to Pin® bundles.

Ezample 1.2.11. Since H(S', Zy) = Z,, there are two non-equivalent Spin(2)
structure on the trivial bundle S' x SO(2) 2% S'. However, since Spin(2)
is connected, we have m(BSpin(2)) = my(Spin(2)) = 0. By the universal
property of BSpin(2), every Spin(2)-principal bundle on S! is necessarily
trivial.

Corollary 1.2.12. A vector bundle E — B carries a Spin structure if and
only if wa(E) = w1 (E) = 0.

Proof. Tt is known that a vector bundle is orientable if and only if its first
Stiefel-Whitney class w; (E) vanishes. The rest is a reformulation of the fact
that an orientable vector bundle has a Spin structure if and only if it has a
Pin® structure, see Example 1.2.8. O

Corollary 1.2.13. Let E and F' be two vector bundles over B.
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1. If E carries a Pin® structure and F' a Spin structure, then E®F carries
a Pin® structure.

2. If E carries a Pin® structure and E @ F is trivial, then F carries a
PinT structure.

Proof. To prove the first assertion, use Cartan’s formula and that F'is Spin
to derive

and

Therefore, F and FE & F have the same cohomology class as obstruction.
The proof of the second point is similar; just use

O=w(FBF)=w(E)+w (F)
and Cartan’s formula to derive
0=wy(E®F)=wy(E) +w (F)?* + wy(F).

Now, if I carries a Pin™ structure, then F carries a Pin~ structure, and vice
versa. O

The two-out-of-three lemma states that if two of the three vector bundles
E F,and E® F over the same base space carry a Spin structure, so does the
third. The choice of the two Spin structures uniquely determines the third,
see [Mil63]. This lemma does not generalise to Pin™ structures in general.
For example, RP? x RP? does not carry a Pin~ structure although RP? does.
However, if the vector bundles have the same first Stiefel-Whitney class, we
have a generalisation to Pin® structures.

Lemma 1.2.14 (two-out-of-three). Let Fy, Ey — B be two vector bundles
with wy(E1) = w1(FEy). Then the following three statements hold.
1. A Pin~ structure on F, and a Spin structure on E; @& Fo uniquely
determine a Pint structure on Fs.
2. A Pin" structure on E, and a Spin structure on E; @ FEs uniquely
determine a Pin~ structure on Ej.
3. A Pin~ structure on E; and a Pin™ structure on E, uniquely determines
a Spin structure on E; @ FEs.

Proof. Since the three proofs only differ by minimal modifications, we only
prove the first statement. Let E; and E5 be trivialised over the open cover
(Ua)aca by @} and @2 yielding transition functions {ggg} and {g((fﬁ)}, respect-
ively. Then E; @ E» is also trivial over this open cover and has the transition
functions {gsﬁ)@gfﬁ)} Since w1 (EGF) = wi(Ey) 4w, (E£s) = 2w (Ey) = 0 the
bundle E@ F is orientable and we can arrange that {gélﬁ) @ggﬁ)} € SO(n1+ns2)
by changing some trivialisation maps of FE; if necessary. Indeed, if the frame
{®L ®DP2(-, e;) }1<j<ni+n, has not the chosen orientation, then we replace @},
by id x diag(—1,1,...,1) o ®L.
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Let {has} be a fixed Spin structure with A(h.p) = {gsﬁ) ® gfﬁ)} We
can decompose hop = Uap - Vag, Where {u,s} is a cocycle representing the
chosen Pin™ structure of E) lifting the cocycle {gos} and {v,g} is a family
of continuous functions with values in Cly ,, lifting the transition functions
{903}

We have to show that {v,g} satisfies the cocycle condition in Cly,,. To
this end, we use the alternated product on Cl,, o defined in Corollary 1.1.11
to derive the statement from the cocycle condition of u,s and h,s via the
following calculation:

1 = haphpy e = UaplaptipyVsytyatya

= UaUgyUya VagUyUya(—1) o TP ml(—1)lusnlvas]
—_———

=1

D 508 U (—1) 07 a0 (1 )lven lvas]

= Vap * Upy * Uya-

Note that equality (1) holds because det ggﬁ) - det gézﬁ) > 0 and therefore
Uap € Spin & Va3 € Spin. But this is equivalent to saying that u,g and vag
have the same degree. O]

We have already seen that the existence of one Pin® structure implies
the existence of #H'(B,Z,) many different non-equivalent Pin® structures
as long as B is locally contractible. However, the bijection between the set of
non-equivalent Pin® structure over a bundle and H'(B;Z,) is not canonical.
Corollary 1.2.13 gives us a bijection between the Pin® structures on E and
the Pin™ structures on E @ ¢” . But again, this bijection is not canonical.

The next lemma strengthens this observation by providing a canonical
bijection.

Lemma 1.2.15. For any vector bundle E — B of rankn and any r > 0 there
is a canonical bijection between the equivalence classes of Pin™ structures on
E and and the equivalence classes of Pin™ structures on E@®e”. This bijection
18 natural with respect to isometric vector bundle homomorphisms.

Proof. Since O(E®e") 2 O(E) X o(m)O(n+r), every Pin® structure (P, p) over
O(FE) induces a Pin™ structure on O(E®¢") via (Pxpini(n)Pini(n—i—r), PXA).

Clearly, this assignment preserves structure equivalences because a struc-
ture equivalence

P o p

L,

O(E) —%—O(E)

gives rise to a structure equivalence

P Xpin () Pin®(n +r) oid. pr X pin (n) Pin®(n + )

| | |

O(E) Xom O(n + 1) —2L— O(E) xom) O(n + ).
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So, this map descends to a well-defined map between the sets of equivalence
classes of Pin® structures on the given bundles.

Let us prove injectivity first. If {g.s} is a set of transition functions de-
scribing O(E), then ¢(gas) describes O(E) x oy O(n + 1), where ¢: O(n) —
O(n + r) is the canonical inclusion. The same is true for P and P Xpj+ (.,
Pin®(n+7). Now consider two equivalent Pin® structure P X Pin* (n) Pin® (n+
r) and P’ Xpi,t ) Pin®(n 4 1) over O(E) Xo@m) O(n + 7). By Lemma 1.2.4
these two Pin® structures can be represented by cocycles {H,s} and {H 4}
such that {t(gap)} = {MHap)} = {A(Hz)}. Consequently, the cocycles
{Hap} and {H] 5} take values in (Pin*(n)) C Pin®(n +r). Therefore, there
exist Pin™(n)-valued cocycles {h,s} and {h]5} such that {Has} = {t(Hap)}
and {H/z} = {t(H]z)}, respectively. Since the chosen Pin® structures
are equivalent, there exists a family of ker(\)-valued continuous functions
{z4} such that xaHgﬁxgl = H,p. By the injectivity of ¢, this implies that
{xahfxﬁxgl} = hap. Since, by Lemma 1.2.4, {has} and {h[4} are the trans-
ition functions of P and P’, respectively, we conclude that P must be equi-
valent to P’. Injectivity is therefore proven.

Next we address surjectivity. Let P be a Pin™ structure for O(E @ ")
and let {¢(gap)} be a set of transition functions coming from O(F). Again,
by Lemma 1.2.4 we find trivialisations for P such that the corresponding
transition functions {H,s} satisfy {A\(Hap)} = {t(gap)}. So, there exists a
cocycle {hqs} with values in Pin™(n) - Pin®(n + r) such that h,s = Hyp.
But this is equivalent to the existence of a Pin®(n) structure Q such that
Q Xpint(n) Pin*(n + r) and P are equivalent Pin®(n + r) structure over
O(E) X0(n) O(n + T).

It remains to show naturality with respect to isometric bundle maps.
First note that an isometry f: Fy — F, induces a morphism of principal
O(n)-bundle F' = O(f): O(E,) — O(E,). Because f is an isometry, so is
g := f @®id.r if we equip F; @ " and E, @ " with the product metric.

Since

O(El @87“) = O(E) ><O(n) O(n—i—’f’)
o(g)t LO(f)xid

[a)

O(E @ ") =——O(E3) Xom) O(n+1)

commutes, we can work with the right-hand-side instead. The claim fol-
lows now from the observation that (O(f) x id)" (Py Xpy,+ Pin®(n +r)) and
O(f)"(P2) Xpint(n) Pin®(n+7r) are equivalent Pin™ structures on O(E) X o,
O(n+r). O

Remark 1.2.16. Notice that the restriction to isometric bundle isomorphism
is only a restriction if we care about a special Riemannian metric; something
we do not do in this thesis. However, it is nice to have a criterion at hand
that is independent of the choice of a particular metrics or, equivalently,
independent of the choice of some O(n)-reduction.

Let p;: P; — Bj be two GL,, principal bundles over CW-complexes, O; C

P; be two O(n)-reductions, and @), LN O; be two Pin™ structures. We call a
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map of principal GL,-bundles Pin-structure-preserving, if

as GPin® structures. By Theorem 1.2.10, these GPin® structures depend
only on the Pin™ structure and not on the chosen O(n)-reduction. Thus, we
do not have to restrict ourselves to isometric vector bundle maps.

A nice application of the stabilisation property is that we can descend
Pin® structures from manifolds to submanifolds under certain conditions.
Indeed, if V' C M is a manifold with trivial normal bundle, we can use the
isomorphism

W TM|V =TV @ v(V < M) = TV @ ol

to pull back the Pin® structure from TM|V to TV @ ¢" via ="' and then
apply the stabilisation Lemma 1.2.15 to induce a Pin® structure on TV.
Keep in mind that those Pin® structures might depend on the choice of 1.

Example 1.2.17. An example of great importance is the case V = 0M because
the boundary always has a trivial normal bundle. By the observation from
above we have to make a choice how to trivialise the normal bundle. Our
convention will be 'inward normal last’, which means the following: After we
have chosen a Riemannian metric on M, we take the unique isometry

id® : TM|gy — TOM G e,

which sends the inward pointing normal vector of length 1 to the constant
the constant unit section 1: M — €.

Note that a choice of a Riemannian metric gives a decomposition of the
tangent bundle at the boundary

TM|opy = TOM & TOM* = TOM & v

and therefore determines ¢ up to a sign. Conversely, a vector bundle map
id® ¢ and a Riemannian metric on T0M induce a unique Riemannian metric
on T'M|sps, which can be extended not uniquely to M. So, we could also start
with a map ¢, which sends the unit section to a inward pointing nowhere
vanishing vector vectorfield.

This vector bundle isometry induces an equivariant map on the associated
bundles of orthonormal frames

O((,O): O(TM@M) — O(T@M) X0(n) O(n + 1) = O(T@M S5 6).

The latter isomorphism is canonical and given by

[p, A] — (ei — (p (i aj,iej> ,an+17i>> )

Now we can pull the the Pin® structure back from the left-hand-side with
O(p)™t = O(p™!) and apply Lemma 1.2.15.
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Ezample 1.2.18. Let M be an n-dimensional Pin®™ manifold and fix a Pin®
structure P & O(M). If we endow M x I with the product metric, the
chosen Pin® structure on M induces canonically a Pin structure on M x I
as follows. We have an isometry

p:priTM&e—T(M xI)
(U, A) > v+ X0,

which gives rise to an equivariant map
priO(M) xo@m) O(n+1) = O(priTM @ ¢) = 0(M xI).
The Pin® structure on M x I is defined as the pullback

O(p™")* (P Xpint(m) Pin*(n +1))

|

O(M x 1)

P X pipt () Pin®(n + 1)

lpxid

O ) O(priTM @ ¢)

and will be denoted with Q@ — O(M x I).

How does the Pin® descend to the boundary (M x I) = M x 0I?7 The
isometry ¢o := ¢|nmxqo} sends the constant section (0,1) to 0y, so it fits the
‘inward pointing last’ convention. From

O(SOO)*(Q) P ><Pinj:(n) Pini (n + 1)

T

O(TM x {0} ®e) — 1 O(priTM @),

we conclude that the Pin®™ structure induced from M x I on M x {0} is
equivalent to the original one.

On M x {1} we have a different situation. Because ¢(0, 1) is an outward
pointing vector field, we have to use the isometry

©1: P (TM) | vy ®e = T(M X I)|arxqay-
Define

(F O(TM) X0(n) O(TL + 1) — O(TM) X0(n) O(n + 1),
[ 7"4} = [pa dlag(lv c ]-7 _1)A]

Then a model for the pullback

O(tﬂl)*Q\Mx{u P X Pin*t (n) Pini(n +1)

| |

O(TMxl{l}@g) S O(T]\f@a)

O(TM) X0(n) O(n + 1)

O(TM) X0(n) O(n + 1)
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is given by

4

jpxid lpxid

O(TM) X o) O(n + 1) —2 O(TM) o O(n + 1),

where 6 is given by [g,v] — [q, €n117].
We know that H'(M, Z,) acts simply and transitively on the Pin® struc-
tures of M. The element transferring

P X pint () Pint (n + 1) 225 O(TM) X0y O(n + 1)

to
P Xpiyt () P (n + 1) 22255 O(T M) x0m) O(n + 1)

is the first Stiefel-Whitney class.

Indeed, if {gas} is a cocycle representing O(T'M) and {h.s} is a cocycle
representing (P xpini(n)Pini(n—i- 1), pxid) with A(hap) = gas, then it follows
from the commutative diagram above that the induced Pin™ structure on M x
{1} can be represented by the cocycle {e,1hagen i} = {(=1)"#lh,5}. But
{(=1)lhesl} = {det(gap)} is the cocycle representing the first Stiefel-Whitney
class.

Recapitulatory, one can say that the induced Pin® structures on M x {0}
and M x {1} differ by the action of the first Stiefel-Whitney class w;(M).

Definition 1.2.19. If P % O(TM) is a Pin® structure on M, we call
wi(M).P the inverse Pin™ structure. If we have fixed a Pin® structure
on M, we denote with M the same manifold but endowed with the inverse
Pin® structure.

Besides from the stabilisation property there is another bijection theorem
relating Pin~ structures on a vector bundle with Spin structures on another
bundle.

Theorem 1.2.20. Let B be a CW-complex and E — B be a rank n vector
bundle. There is a natural one-to-one correspondence between the equivalence
classes of Pin™ structures on E and the equivalence classes of Spin structures
on E/ & det E.

Analogously, there is a natural one-to-one correspondence between the
equivalence classes of Pin™ structures on E and the equivalence classes of
Spin structures on £ @ 3 - det E.

Proof. The proofs for Pint and Pin~ are formally the same, so we restrict
ourselves to the Pin™ case. Let {gas} be a cocycle representing £ with values
in O(n). Then E & det E' is represented by

G =[5 )
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Let {has} be a cocycle representing a Pin~ structure on E that satisfy
A(hag) = gap, and define the Pin™ (n + 1)-valued functions

1, if detgag =1
Tap = .
g ent1, if detgap = —1.

Then {H,3} = {hap - Tap} is a family of Pin~-valued maps that satisfy
M Hap) = Gop. Since Gup take values in SO(n + 1), the functions H,sz are
actually take values in Spin(n—+1). They are even a cocycle because H,, = id
and

HopgHgyHyo = hag - Tap - Ry - Tpy - Rya - Tra

= (_1)‘hWDéI"IB’Y‘+(‘h5’Y|+‘hWID"Iaﬂ‘haﬁ . hﬁ’}/ . h’ya . xaﬁ . x/g”y . m’ya

1)‘x-ya||$B7|+(|1‘6’y‘+‘x’ya|)‘xa»@'haﬁ . h/ﬁ’y . h

va " Lap Ty " Tya

Lap Xy Tya

(_
(_]_)‘xwa|‘|xB'y|+(|$Bw‘+‘xva|)"$aﬁ|
1.

The last equality follows because only none or two of the three function can
be of odd degree since {det g,s} is a cocycle. Indeed, if all functions are of
the same degree the last equation holds trivially. Otherwise, we may assume
without loss of generality that .3 = v, = €,4+1. Then 2, = 1 and the last
equality reduces to

(=D)leastlansly g g = (~1)(=1) = 1.

Thus, {H,p} defines a Spin structure on F @ det E.

Conversely, any Spin structure of F & det E can be represented by a
cocycle {H,p} with A(H,p) = Gap; therefore, Hy,3 = hoptap. We claim that
hao = 1 and that {h,g} satisfies the cocycle condition, and defines therefore
a Pin™ structure on E. The first assertion is obvious, the second one follows
if we do the previous calculation backwards:

1 = HopHgyHyo

= hap - Tap - Tipy - Ty Ny~ Taa

= haﬁ : hﬂ’y : hﬁ/a ’ (_1)|h’m|.‘xﬁ’y|+(|h67‘+‘hwa|).|mam *Tap Ly Ty

= haﬁ ' hﬂ’y : h“/a : (_1)|$wa\'|$5«,|+(|$5~,\+|x«,a\)-|xaﬁ| *Tap t Tpy * Tya

= hap - gy Nar

The described assignments are inverse to each other. Furthermore, they are
equivariant with respect to the H'(B;Zy)-action on the cocycles. H

The previous theorem allows to assign to each Pin™ manifold of dimension
n a Spin manifold of dimension n 4 1 in a functorial way. This construction
will be useful for relating Pin™ bordism with Spin bordism.

Lemma 1.2.21. For a manifold M let M = O(det TM) & M be its
orientation covering. Let Zo act on S' C C by complex conjugation and
denote the associated St fibre bundle M xz, S* over M with S(M). Then
the following assertions hold:
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1. S(M) 2 M has two global section oy : m — [, 1], where m is some
element in the fibre of m in M.

2. v(og) = detTM.

3. TS(M) = p*(TM & det TM).

4. There is an embedding exp: det TM — S(M) \ imo_;.

Proof. The fibre bundle S(M) can be constructed alternatively as follows. Let
{(Uq, o)} be a set of local trivialisation of T'M such that the trivialisation
domains cover M and the trivialisation maps yield transition functions with

values in O(n). Then
S(M): <|_|Ua><sl>/r\.;’

(o, 2,() ~ (by,w) & x =y and ( = gapw

because both of these S'-fibre bundles have the same trivialisation domains
and the same transition functions.

The first assertion is obvious because =£1 lies in the stabiliser of the Z,
action. Using the alternative description of S(M), we observe for the normal
bundle of o1;: M — S(M) the identity

I/(Oil)‘Ua =V (Ua X {:l:l} — Ua X Sl) .
So, the isomorphism between v(o4;) and det T M is locally given by
Uy, =detTM|y, — v (Ua x {1} — U, x Sl) =v(ox1)|u,
(u, \) = [t — exp(irt)].

In order to prove the third assertion, we consider the well-defined bundle
map

TS(M) = TM & v(ogy),
F1,72) = ([poml, [12(0)7" 1))

Since it covers p: S(M) — M and is fibre-wise an isomorphism, we conclude
TS(M) = p"(TM ®v(oy)) = p"(TM & det TM).

For the last assertion, fix an odd, monotonically increasing diffeomorph-
ism ¢: R — (—m; 7). Then
exp: det TM = M xz, R — M x S' = S(M),
[, 0] = [, exp(ig(v))]

is a well defined embedding. Its image complements the image of the constant
(—1)-valued section o_;. O

Definition 1.2.22. Let M be a Pin™ manifold with a fixed Pin™ structure.
By Theorem 1.2.20 this Pin™ structure corresponds to a unique Spin structure
on TM @ detTM. We call S(M) endowed with the pullback of this Spin
structure the Spinification of M.
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We close this section by considering of Pin® structures on connected sums.
The key observation is that two Pin™ structures can be glued together, if they
are compatible. The next lemma gives a more precise description.

Lemma 1.2.23. Forj € {1,2} let P; 25 O, be two Pin* structures over the
bundles O; — X;. Let U; C X, be two open subsets and ¢: Uy — U, be an
isometric diffeomorphism such that O(@)*Ps|y, is equivalent to Py, .

Then there is a unique Pin™ structure P over the bundle O, Uo(e) O2 —
X1 Uy Xy such that Plx, = P;.

Proof. Denote the composition of the upper horizontal line of

Py, —= O(p)* Po|y, — Ps|us,

| l |

i O(p)
Ol’Ul d OI|U1 ‘ O2|U2

with 0 and define

p1Ug p2

PZ:P1U9P2—>01U0(@)02.

Since 0 is equivariant the space P; Ug P is a principal Pin*-bundle and the

map p; Ug ps is equivariant as well. Thus, P is indeed a Pin® structure.
Since the canonical inclusions P; — P; Uy P are equivariant, the second

statement follows. O

Let us recall the definition of the connected sum of two manifolds.

Definition 1.2.24. Consider the diffeomorphism

b (D")°A{0} — (D)7 \ {0},

T +—r

For two smooth n-dimensional manifolds M; and two charts ¢;: U; — (D™)°
we define the connected sum via

MO#MI = M() Ucp Ml.

flozpoap
We refer to the U; as gluing domain.

It is easily verified that the connected sums of two manifolds is again a
smooth manifold. However, its diffeomorphism class may very well depend
on the chosen chart; for example, CP2#CP? is not homotopy equivalent to
CP?#(—CP?), because they have different signatures. But this shall not
bother us because their Pin® bordism class will be the same. Therefore, we
will omit the chosen charts in the notation.

Observe that the diffeomorphism 1) maps the upper half-plane R"~! x R
to itself. Therefore, the construction above can be applied to boundary points
as well. We denote the connected sum along boundaries with My#, M.
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Theorem 1.2.25 (Pin structures on connected sums). Let My and My be
two Pin® manifolds of dimension n # 2 with fived Pin™ structure. Then
there is a unique Pin® structure on the connected sum My# My such that the
inclusions M, \ gpj_l(%D") s My#M, are Pin® structure preserving.

If n = 2, then this statement also holds for Pin~ manifolds.

The result carries over to My#, My for all Pin® manifolds with non-empty
boundaries, even to Pin™ manifolds of dimension 2.

Proof. Choose Riemannian metrics on M, M,, and M;# M, such that the
inclusions M; \ ;' (3D™) < My#M, become isometric.

If we set ¢ := ;" o ¢y and use the open subsets U; := ;' ((D")°) \
¢;1(%D"), almost all requirements of Lemma 1.2.23 are satisfied. We only
need to verify that ¢ is Pin® structure preserving.

To this end, recall that the set of equivalence classes of Pin® structures
on U, is parametrised by HY(Uy;Zs) = H'(S™" 1, 7Z,) = 0 as long as n # 2.
Thus, in this case ¢ is automatically Pin® structure preserving and the first
part follows from Lemma 1.2.23.

Now, let n = 2. As in the first part it only remains to show that ¢
preserves the Pin® structures. Since Uy ~ (D?)°\ 1D?* ~ 1 (5 x (4,2)), a
Pin® structure on U; is uniquely determined by its restriction to ¢_1(%Sl).
But the Pin™ structures on go;l(%Sl) are restrictions from the Pin™ structures
on ¢! (3D?), so the manifolds ¢;'(S") are Pin~ boundaries. After we
have introduced the Pin~ bordism groups, we will see that this property
determines the Pin™ structure uniquely up to equivalence. Thus, ¢ is Pin~
structure preserving.

For Mi#,M; the goes analogously. Here, we have no case distinction

because the first cohomology of U; ~ % (D” X (%, 2)) vanishes. n

Note that the proof of the second part cannot be adapted to the Pin™ case,
because the circle with the ’bad’ Spin structure bounds at the Md&bius-strip
[KT90b|. In any case, the correctness of the second part for the Pin* case is
only of minor importance for this thesis because we apply this theorem only
to Pin™ manifolds.

1.3. The Pin bordism groups

This section presents the key objects of the entire thesis. We will use
the concepts from the previous section to define the Pin~™ bordism groups
and prove elementary facts about them. Although the proofs presented here
generalise often to many other topological groups, we will only discuss Pin™
bordism. The reader is referred to Appendix B for a summary through
bordism theory.

Definition 1.3.1 (singular Pin manifolds). Let X be a topological space.
A singular Pin~ manifold is a triple (M, P 2 O(TM), f) consisting of a
smooth compact Pin~ manifold M with a fixed Pin™ structure (P, p) and
a continuous map f: M — X. We omit the Pin™ structure and just write
(M, f) if it does not lead to confusions. In this case, the singular Pin~
manifold with inverse Pin~ structure will be denoted with (M, f).
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Definition 1.3.2. Two closed singular Pin™ manifolds (M, f;) of dimension
n are called Pin~ bordant, if there is a n 4+ 1 dimensional singular Pin™ man-
ifold with boundary (W, F') and a Pin~ structure preserving diffeomorphism
©: OW — My U M satisfying (foU f1) o o = Flaw.

The singular Pin™ manifold (W, F') is called a Pin~ bordism between
(Mo, fo) and (M, f1).

Lemma 1.3.3. Being Pin~ bordant is an equivalence relation.

Proof. Reflexivity is proven in Example 1.2.18.

Symmetry follows from the following observation. If (W, F') is a Pin~ bor-
dism between (My, fy) and (M, f1), then (W, F) is a Pin~ bordism between
(M, f1) and (Mo, fo).

Transitivity is a little bit harder. Let (V| Fy;) be a bordism between
(Mo, fo) and (M, f1), and (W, Fi2) a bordism between (M7, f1) and (Ma, f).
To keep notation simple, we assume OV = ML M, and OW = M; LI M,. By
the collar neighbourhood theorem, there are open neighbourhoods U; C V
and Uy C W of M; such that U; =~ M; x [0,1) via diffeomorphisms mapping
M identically to itself. An argument analogous to the one in Example 1.2.18
shows that M; x (—1,0]UM; x[0,1) = M x (—1,1) possesses a unique Pin™~
structure which restricts on M; x [0,1) and M x (—1,0] to the given ones.
So, (V Up, W, Fo1 U Fig) is a singular Pin™ manifold giving a Pin~ bordism
between (M@,fo) and (Ml, fl) O

More generally, two not necessarily closed n-dimensional singular Pin™
manifolds (M;, f;) are Pin™ bordant if there is a Pin™ bordism (U, f) between
(OMy, folOMy) and (OMj, filanr, ), such that the closed singular Pin™ mani-
fold (Mo Upg, U Upag, My, fo U f1 U f2), obtained by proper boundary modi-
fications, is a Pin~ boundary, i.e. it is Pin~™ bordant to the empty set. One
can show analogously that the general bordism relation is an equivalence
relation.

Definition 1.3.4. Let (X, A) be a pair of topological spaces. The n-th Pin~

bordism group of (X, A) is defined by

{(M, f) | (M, f) sing. Pin™ manifold, f(OM) C A}
bordism '

If A is empty, we will write QP (X)) instead of QY™ (X, ). Note that the
condition A = () forces the singular manifolds to be closed.

QP (X, A) ==

Lemma 1.3.5. QP (X A) is an abelian group. Addition is induced by
disjoint union, the neutral element is given by an arbitrary singular Pin~
manifold that which is a Pin™ boundary, and the inverse element is given by
the same singular manifold but with inverse Pin™ structure.

Proof. The addition [My, fo| + [Mj, fi] := [Mo U My, fo U f1] is well-defined.
If (No, go) and (N7, g1) are other representatives, then the disjoint union of
the relating bordisms (W;, F;) gives a bordism between (M, U M, fo U f1)
and (N1 U Na, g1 U go).

Associativity and commutativity follow then from associativity and com-
mutativity of disjoint union.
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If (S, f) is a singular Pin™ boundary of (B, F'), then a bordism between
(SUM, fuUfi)and (M, f1) is given by (BU M x [0,1], f U fy o pry). By

choosing B = () this bordism shows further that (M U M, f; U f1) is a Pin~
boundary, and therefore —[M, fi] = [M, fi]. O

Note that our description of Pin™ bordism is intrinsic because it does not
rely on the choice of some embedding. However, in order to use the famous
Pontrjagin-Thom construction it is useful to have a definition at hand that
uses the notion of normal bundles.

By Lemma 1.2.14 we know that a Pin™ structure on a manifold M induces
a unique Pin™ structure on v(f: M — RY), because M x RY inherits a
canonical Pin~ structure from TRY by restriction. Therefore, we get a stable
Pin™ structure on v(f: M < RY), and our definition agrees with the one
usually given in the literature, like [DKO1] or [Stol5].

The Pontrjagin-Thom construction gives an isomorphism

QU (X, A) 2 lim i (MPinf A X /AL) = H,(X, A MPin").
;—00

For the proof see [DKO01], [Swi02] or [Stol5].

With a little faith one sees that the Pontrjagin-Thom construction is a
natural transformation between the functors Q" (-, .) and H.,(-,-; MPin™).
Thus, Pin™ bordism is a generalised homology theory [Swi02, Chapter §].

The connecting homomorphism 9: QP (X, A) — QP (A) is explicitly
given by restricting a singular manifold to its boundary, more precisely

a[M7 f] = [8M7f|8M]'

Theorem 1.3.6. The addition on QY™ (pt) is also induced by the connected
sum of two manifolds.

Proof. Let M; and M, be two closed Pin™ manifolds. We have to show that
My#Ms, endowed with the Pin™ structure constructed in Theorem 1.2.25,
and MM, are Pin™ bordant. But a bordism between M;# M, and M, LI M,
is given by (M; x I)#,(Msy x I). Indeed, as we have seen in Example 1.2.18
the Pin™ structures on M; induce unique Pin~ structures on M x I turning
the inclusion M; = M; x {0} < M X I into Pin~ structure preserving
embeddings. This gives, by Theorem 1.2.25, a unique Pin~ structure on
(M x I)#,(My x I), where we glued along boundary points lying in M; x {0}.
The identification M; = M; x {0} gives a Pin™ structure preserving inclusion
My# My — (My x I)#,(My x I). This follows from Example 1.2.18 combined
with Theorem 1.2.25.

Since the connected sum construction leaves the Pin™ structure on M, x
{1} unchanged, we conclude from Example 1.2.18

O ((My x I)#4(My x 1)) = (My# M) L (M; U M)

Therefore, (M; x I)#,(Msy x I) serves indeed as Pin~ bordism between the
connected sum and the disjoint union of two Pin™ manifolds. O]

Since manifolds are locally contractible, every continuous function can be
homotopied to a map that is constant on a neighbourhood of some point.
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This allows to generalise the connected sum construction to singular mani-
folds, and we can extend the result of Theorem 1.3.6 to arbitrary path con-
nected topological spaces.

Theorem 1.3.7. Let My and M, be two compact, connected Pin~ manifolds
of the same dimension and f;: M; — X be continuous with images in the
same path connected component.

Then [My, f1] + [Ma, fo] = [Mi#Ms, f1#f5], where f] ~ f; are constant

on the gluing domain and take the same value.

Proof. Let f: D™ — X be continuous, ¢ < 1, and be ¢g: ¢D" — X an
arbitrary continuous function that maps into the same path connection com-
ponent as f. Since the (closed) disk D" is contractible, f can be homotopied
relative 5"~ to a continuous function f': D™ — X with f'| pn = g.

Thus, we can homotopy f; into continuous maps f; that are constant
on the glueing domain, and, because f; and f, take values in the same path
connected component, we can arrange that fi equals f on the gluing domain.

Since [M;, f;] = [M, f!], it remains to construct a Pin~ bordism between
(My# My, fi4f5) and (M LI My, f1 U f5), but such a bordism is, for example,
given by ((My x I#y(My x I), (f] o pry)#u(f} o pry)) if we choose the same
Pin™ structures as in the previous theorem. O

Corollary 1.3.8. If X is path connected, then the addition on QF™ (X) is
induced by the connected sum. In particular, every element can be represented
by a connected Pin~ manifold.

An immediate consequence is that class in QY™ (pt) can be represented by
connected Pin~ manifolds. Combining this observation with the classification

theorem for surfaces allows us to derive an important result for the structure
of QY™ (pt).

Theorem 1.3.9. QY (pt) is cyclic. The generator is [RP?] with an arbit-
rary Pin~ structure.

Proof. With the help of the Mayer-Vietoris sequence we derive inductively
the following isomorphisms

@incl*

HY (#"RP% Z) 225 HY(RP?\ (DU D?); Z) “oX @ H'(RP?; Z,) = 7,

Since the first cohomology of the base space acts freely and transitively on the
set of Pin™ structures, we conclude from this bijection that every Pin™ struc-
ture on #*RP? can be obtained from the gluing construction as described in
the proof of Theorem 1.2.25.

Every element x € Q5™ (pt) can be represented by a connected mani-
fold. The classification theorem of surfaces states that every compact con-
nected two dimensional manifold is diffeomorphic to a surface of the form
(#FRPY)#(#!T?). Tf k = [ = 0, we define this expression to be S?. How-
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ever, since RP?#7T? is diffecomorphic RP?#RP2#RP?, we conclude from the

equation

[ #kRPQ #lTZ)]

[ #ksz #IT2)] [#lsz] . [#lsz]
— [#RP - [#RPY

— |#RPY) # (FRPY) |

that it can be represented by a connected sum of real projective planes with
some Pin~ structure. But we have deduced that every Pin™ structure on a
connected sum of projective planes is obtained from the gluing construction.
Thus, Q'™ (pt) is generated by [RP?] and is therefore cyclic. O

Remark 1.3.10. We will see later that Q5™ (pt) contains eight elements, so
it is isomorphic to Zg, see Corollary 1.5.2.

1.4. Relations between Pin and Spin bordism

The aim of this section is to determine the Pin™ bordism groups in terms
of Spin bordism. The main result will be the existence of an isomorphism
QPR (X) = QPR (RP® x X, X),
which we will use later to calculate the needed Pin~ bordism groups Q" (pt).
The structure of this section can be summarised as follows. If v, de-

notes the universal line bundle and R ;, = ESpin(n) Xgspin(n) R" denotes the
universal Spin(n) vector bundle, then the exterior sum

Yoo X RE 1 = Privee @ PriRE;, — BO(1) x BSpin(n)

has a Pin™ structure, so there is a classifying map g, for it. Stability give

rise to a map g: BO(1) x BSpin — BPin", which will turn out to be a
homotopy equivalence. The isometric vector bundle maps covering g, give
rise to a map between the Thom spectra MO(1) A MSpin and MPin™.
Using an auxiliary bordism theory and the Pontrjagin Thom isomorphism
we will derive geometrically that this map is a weak homotopy equivalence
and by Whiteheads theorem for spectra it will be a homotopy equivalence.
This result strengthens the result in [KT90, Lemma 6|. In this section, we
will make use of the models BO(1) x BSpin(n) and B(O(1) x Spin(n)) at
different places because it makes the proofs easier. Although the spaces
BO(1) x BSpin(n) and B(O(1) x Spin(n)) are homotopy equivalent, we will
nonetheless carefully distinguish these two models because sloppy identifica-
tions often lead to mistakes.

Let us now construct the homotopy equivalence between the classifying
spaces. Recall that Be,,: BSpin(n) — BSpin(n+1) is unique up to homotopy
and classify the universal Spin(n) bundle as a Spin(n + 1) bundle. By repla-
cing BSpin(n+1) with the mapping cylinder, we replace the map by a cofibra-
tion without changing the homotopy type of the target space. If we assume
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additionally that both spaces have the homotopy type of a CW-complex,
then the mapping cylinder has the homotopy type of a CW-complex as well.
Since we are free to choose our models, we may assume in the first place
that Bu, is an inclusion of a CW-subcomplex. Of course, the same holds for
BPin™(n).
Since every line bundle possesses a Pin™ (1) structure, the universal line
bundle v, has one. More generally, by Corollary 1.2.13, the bundle v, X
8oin = PI'iVoo @ Pr3RE;, has a Pin®(n + 1) structure. We find therefore a
classifying map g,: BO(1) x BSpin(n) — BPin™*(n + 1). Stability gives the
diagram

BO(1) x BSpin(n) — BPin™(n + 1)
lidem jBL,,H,l

BO(1) x BSpin(n + 1) £ BPin(n + 2),

which commutes up to homotopy. The vertical arrows are cofibrations, so
we can homotopy ¢,.1 to a map making the diagram commutative. Since we
are only interested in the homotopy type of g,,1, we may assume that the
diagram above already commutes in the first place.
If we set
BO(1) x BSpin := lim BO(1) x BSpin(n)

n—oo

and
BPin* := lim BPin"(n),

n—oo

we derive the existence of a continuous map
g :=limg,: BO(1) x BSpin — BPin™.
_>

The previous discussion applies to BPin™ as well. Thus, we can assume

that BPin" is a CW-complex such that the canonical inclusion BPin*(n) <
BPin™ is an inclusion of a subcomplex, which we will do for the rest of this
section. We assume the same for BO(1) x BSpin. We may even assume that
all these spaces are countable CW-complexes because all homotopy groups
have countably many elements [Hat02, p.359] and we are going to do that.

Classifying spaces identify the set of isomorphism classes of certain prin-
cipal bundles over a given space with the set of homotopy classes of maps
from this space into the corresponding classifying space. However, those are
unpointed maps and the homotopies may be free, while homotopy groups are
objects in the pointed world. The next lemma recalls the relation between
the set of pointed homotopy classes and unpointed homotopy classes. A proof
of the first part can be found in [DKO01, Theorem 6.57|, the second part is an
easy observation.

Lemma 1.4.1. Let (X, x0), (Y,40), and (Z, zy) be well pointed topological
spaces, i.e. the base point is closed and its inclusion is a cofibration. Further-
more, Y and Z are assumed to be path connected.
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Then m(Y') acts on [ X, xo; Y, 0] and the quotient set is precisely [ X,Y].
Any continuous map g: Y — Z induces an equivariant map via postcompos-
itton; more precisely

g«(7]- 1) = m (VD)9 (LF)-

Theorem 1.4.2. For every k > 0, the map
me(g): m(BO(1) x BSpin) — 7, (BPin™)

18 an isomorphism.

Proof. For k = 0, there is nothing to prove because both spaces are path
connected. Next, consider the case k = 1. If we choose models for BO(1)
and BSpin, which are countable CW-complexes, then on BO(1) x BSpin
the product topology agrees with the CW topology, so we obtain for the
fundamental group

m(BO(1) x BSpin) = m(BO(1)) & 7 (BSpin)
=m(BO(1)) & lim Wl(BSpin(n))

DI

N} =

= [8", BO(
= [S%, BO(
Analogously, we verify

71 (BPin™) & lim m(BPin"(n)) = lim m(Pin™(n)) = Zs.
n— oo n—oo
Pick an element [a] € m1(BO(1) x BSpin) such that 7 (g,)([a]) = [gn 0 a] =
0. Then we derive

~ n+1

(gn 0 @) RELL = 0" (Yoo X Ripin) = (Pry 0 )" (700 X €7) Z &
Since [S!, BO(1)] = Z,, the bundle pr; o « is either isomorphic to the trivial
bundle or the M&bius bundle. But the latter can be ruled out because it is not
stably trivial since its first Stiefel-Whitney class does not vanish. Therefore,
pr; o « is nullhomotopic and so is a.

Since 71(BO(1) x BSpin) and 7, (BPin") are abstractly isomorphic to
Zs, we conclude also surjectivity from injectivity of m1(g,).

For a generic k > 2, we make use of Lemma 1.4.1. Since m(g) is an
isomorphism, m(g) will be an equivariant map, so it is enough to verify
bijectivity of

Jx: [Sk,BO(l) X BSpin] — [Sk,BPin+] .

Take an element o that does not represent the constant class. Due to com-
pactness of S*, the image of « hits only finitely many cells in BO(1) x BSpin
and lies therefore in BO(1) x BSpin(N) for a sufficiently large N. Thus,
" (Yoo X RY 1, (vy) is Mot a stably-trivial bundle and so must not

(gN © Oé) (Rglj;}-) = (700 X RSpm)
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Consequently, [goa] = [gy o] is not null-homotopic and injectivity is
proven.

To prove surjectivity, we pick an arbitrary element [o] € [S*, BPin™].
Again, it can be represented by a map a: S* — BPin"(N). Every vector
bundle E over a sphere S* is orientable because its first Stiefel-Whitney class
takes values in the zero group. Thus, oﬁRﬁfinJr has a Spin(NV) structure. The
universal property of BSpin(/N) guarantees the existence of a map [ such
that the diagram

Sk—2 . BPint(N)

T |

BSpin(N)

commutes upto homotopy. With the help of 3 we derive an isomorphism
(w0 o) RY =2 @ 0'RY, ¢ BRY,,
= (const X f)" (Va0 X R]S\;in)
> (const x B)* i R,
which gives us a homotopy between between ¢, o o and g,, o (const x ). By
passing to the limes we get, using relaxed notation, a = g o (const x ). We

have verified surjectivity, and the theorem is therefore proven. O]

From Whiteheads theorem, which states that every weak homotopy equi-
valence is actually a homotopy equivalence, we immediately deduce the next
corollary.

Corollary 1.4.3. g: BO(1) x BSpin — BPin" is a homotopy equivalence.

Now, we are going to describe how the homotopy equivalence g give rise
to a homotopy equivalence between MO(1) A MSpin and MPin™. In order
to do this, we have to introduce some notation.

Definition 1.4.4. Let E — B be a vector bundle and g be some Riemannian
metric on it. We have the unit disk bundle

D(E) :=A{v e E|g(v,v) < 1}
and the unit sphere bundle
S(F):={ve FE|g(v,v) =1}.
The Thom space is defined by
Th(E) := D(E)/S(E).

The point [S(E)] is often denoted by oc.

The homeomorphism class of the Thom space is actually independent
of the Riemannian metric. Indeed, renormalising gives a homeomorphism
between two Thom spaces that are constructed by using different metrics.
Even better, in [tD08, p.533| there is a metric independent construction via
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mapping cylinders. Furthermore, it is easy to see that vector bundle maps
induces maps between Thom spaces, where the bundle maps don’t need to
be isometries if we use the metric independent construction. Even better, if
the base space is a CW-complex, so is the Thom space, see [Swi02, p.228|.
If By C B is a subcomplex, then Th(E|g,) € Th(E) is a subcomplex.

Definition 1.4.5. MPin" is the Thom spectrum associated to the stable
Pin®™ structure, meaning MPin, = Th(Rg,). In the same manner, we
define (MO(1) A MSpin),, := MO(1) A MSpin,_; := Th(y, X R’S‘;rll) and
M(O(1) x Spin), := Th(Rg,)

A proof that this definition leads indeed to a spectrum can be found in
[Swi02, 12.29].

Since O(n), and hence Pin™(n) and O(1)xSpin(n), are cellular groups, the
join construction, endowed with the weak topology, carries a CW-structure,
see A.3.3. Using the join-models for the classifying spaces, the group homo-

morphisms

O(1) x Spin(n)~“— Pin*(n + 1)

Lo,k

O(n+1)—2—~0(n+1)

induces a strictly commuting diagram

BO(1) x BSpin(n)<2 BPin*(n + 1)

| | |22

BO(n+1)—<4 = BO(n+1)

covered by strictly commuting isometric vector bundle maps

F,
n+1 n+1 n+1
]RO(l) X Spin Pint

| l

n+1 id n+1
REF 4 R

Here, j, denotes the unique inclusion defined by (—1,¢g) + ¢ - g and F,, the
isometric vector bundle map induced from Ej, on the Borel construction, in
terms of diagrams

E (O(1) x Spin(n)) Xo(1)xspin(n) R™™* Bgnxid EPin™(n 4 1) Xpiy+ (1) R*

Rn+ 1 Fnga Rn—l— 1
O(1)xSpin Pint
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All of these maps commute with the maps that arise from the inclusions
of subgroups, so the are even stably commutative. We also have isometric
classifying vector bundle maps

n n+1
Too X RSpin IRO(I)XSpin(n)

| |

BO(1) x BSpin(n) —= B(O(1) x Spin(n))

that are also stably commutative. These maps induce maps on the corres-
ponding Thom spaces, and by stability they give rise to maps between the
Thom spectra

MO(1) A MSpin — M(O(1) x Spin)

and
Th(F): M(O(1) x Spin) — MPint.

The first map is a homotopy equivalence because we also have a classifying
vector bundle map from v, X Rg;, to Rgﬂ)xspm. Since both bundles are uni-
versal, the composition of the classifying vector bundle maps are homotopic
to the identity through an homotopy of isometric vector bundle maps. To
prove that Th(F') is a homotopy equivalence, it will be convenient to consider

an auxiliary bordism theory.

Definition 1.4.6. We define 27 to be the set of bordism classes of all closed
n-dimensional manifolds M that carry a Spin structure on T'M ¢ det T'M.

By Theorem 1.2.20 the groups Q7 and QF™" are canonically isomorphic.
In order to determine the Thom-spectrum of the bordism theory 27 we
describe the defining condition in terms of stable normal bundles.

Lemma 1.4.7. A manifold M has a Spin structure on M if and only if its
stable normal bundle v = (vy)n decomposes into a line bundle |, which will
be automatically isomorphic to det v, and a stable Spin bundle £.

The set of equivalence classes of Spin structures on T'M & det T'M and the
set of equivalence classes of Spin structures on & are in natural one-to-one
correspondence.

Proof. "=" After enlarging the ambient space, any two embeddings eventu-
ally become isotopic [Swi02, p.223|. Thus, the stable normal bundle depends
only on M and not on the embedding. Let S(M) = M° xz, S' be the
Sl-fibre bundle over M constructed in Lemma 1.2.21. From the definition of
M follows that S(M) has a Spin structure, and so its stable normal bundle
¢ does. Since we can embed M into S(M) via the constant 1-section, we
obtain for the stable normal bundle the decomposition

V(M < RY) = (M — S(M)) ® v(S(M) — RY)|
>~ det TM @ v(S(M) — RM)| ),
=detv(M — RY) @ &y
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"<" Let v = det v®¢ such a decomposition for M and n the dimension of
M. Then, for a sufficient large K and rx := rk(vk ), we have a decomposition

€TK+7L = I/K@TMgdetVK@gKEBTM
=& Bdetvg ®TM
= ®det TM & TM.

Since £k has a Spin structure, so does det T'M & T M.
The statement about the one-to-one correspondence follows from the de-
composition
Kt > Cp det TM & TM

and the Two-out-of-Three-Lemma 1.2.14. O
Corollary 1.4.8. Q7 = 7,(M(O(1) x Spin)) = m,(MO(1) A MSpin).

Proof. This isomorphism follows from the Pontrjagin-Thom isomorphism and
the previous lemma because the universal O(1) x Spin(/N) vector bundle is
given by

RS wspin = Voo X Ry, — BO(1) x BSpin(N) =~ B(O(1) x Spin(N)).

Thus, we obtain for the Thom spaces the identity
Th(Rg(“ ) ~ Th(7e % RE;) = Th(7) A Th(RE;,),

1) xSpin
and for the Thom spectra M(O(1) x Spin) = MO(1) A MSpin. O

The next Theorem presents a geometric interpretation of Th(F") via the
Pontrjagin-Thom construction.

Theorem 1.4.9. The diagram

Tn(M(O(1) x Spin)) —_ & (MPin*)

PT$% PTT%

O Qgin*

" [M]—[M]

commutes. The vertical maps are the Pontrjagin-Thom isomorphisms.
Proof. The statement follows directly from the commutative diagram

F
n n n
O(1)xSpin —~ pin+

L,

n id n
R?, R,

R

Indeed, let M be a closed manifold with a fixed Spin structure on T'M @
det T'M. We denote with v the normal bundle of M induced by some
embedding and also a classifying vector bundle map v — RY that has a
lift 7: v — Rg(l)XSpin for the uniquely determined O(1) x Spin(N — 1) re-
duction of the normal bundle that corresponds to the chosen Spin struc-
ture on T'M ¢ det TM. Since Fy is the vector bundle map that classify
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R (1)xspin @ Pin™(N) vector bundle, the composition Fiy o 7 is the lift for
the O(1) x Spin(N — 1) reduction considered as Pin™ reduction of v. This
Pin™ structure on the normal bundle induces a unique Pin™~ structure on TM
by Theorem 1.2.20. By the uniqueness theorems 1.2.20 and 1.2.14, this Pin™
structure agrees with the Pin™ induced from the given Spin structure on
TM @det TM because both structures together with the O(1) & Spin(N —1)
reduce to the trivial structure on the Whitney sum. [

Since the lower horizontal homomorphism is a bijection by Theorem
1.2.20, the upper horizontal morphism must be a bijection, too. We conclude
that Th(F) is a weak homotopy equivalence and by Whiteheads Theorem for
spectra it must be a homotopy equivalence.

Now, observe that the composition of the homotopy equivalence between
BO(1) x BSpin(n) and B(O(1) x Spin(n)) with Bj, is homotopic to g,
because both maps, the composition and g¢,, classify the universal vector
bundle 7. X Rg,;,. We denote the isometric classifying vector bundle map
with GG,,. These maps induce a map between the Thom-spectra, and we can
summarise the previous discussions by the following theorem, which leads to
the isomorphism described in [ABP69| and strengthens a result in [KT90,
Lemma 6].

Theorem 1.4.10. The map
Th(G): MO(1) A MSpin — MPin*
15 a homotopy equivalence.

In order to present the desired isomorphism, we have to determine the
Thom space MO(1).

Lemma 1.4.11. Let v, — RP™ be the tautological line bundle. Then we
have

1. Th(v,) s homeomorphic to RP™ !,

2. MO(1) = Th(7s) is homeomorphic to RP>

Proof. Observe that the tautological line bundle can be described by
Yo =S" Xz, R= (8" xR)/ (x,t) ~ (—z, —t).
Thus, the disc and the sphere bundle are given by

D(y) = §" xz, [-1,1]
S(m) = §" xz, x{~1,1}

and we get an homeomorphism
D(vn)/ S(m) — RP™H

induced by
[z, 1] — \/1—t2:t-x] :

This shows the first part of the lemma. The second part is nothing but
passing n to infinity. O
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Note that we have under this isomorphism
MO(1) =RP* D {[0: ] |z € S} = BZy = BO(1).

Corollary 1.4.12. We have the following description of Pin~ bordism in
terms of Spin bordism.

QPN (X)) = QSPRP™ x X, X)

n+1

Proof. Let xq be a base point of RP> and X, = X U {oo}. Then we have

(RP* x X), /X, = (RP® x X U{oo})/ (wg x X U {o0})
= RP* x X/{xg} x X
= (RP* x ({oo} U X))/ (RP* x {oo} U{xo} x X)
= (RP*® x X,)/RP®V X,
= RP®AX,.

From this equation we derive the isomorphism
QI (X) = Jim T (MPin; A X))
=~ lli>r£) Tt (MSpin,_; ARP® A X})
= lim T+t (MSpin;_; A (RP™ x X), /X))

= QPM(RP™ x X, X).

]

The isomorphism given in Corollary 1.4.12 is rather abstract and has
actually QETT(RPOO x X, X) as domain. So, it is not useful for practical cal-
culations. However, there is another homomorphism, which will turn out to
be very useful in the determination of [S%,, x Si.] in QY™ (pt), see Corollary

1.5.11.

Definition 1.4.13. Let ®: det T'"M — 7., be a vector bundle map covering
the classifying map of det TM. Then Th(®) o exp™': S(M) \ im(c_1) —
Th(7vs) has a continuous extension to S(M) by sending the image of o_; to
infinity. Denote this extension with tgei7as.

Note that different classifying maps give homotopic extensions.

Theorem 1.4.14. The assignment

S: QP (X)) = QPPN RP® x X)

n+1

(M, f] = [S(M), taetTar X f o p]
18 a group homomorphism.

Proof. Let (W, F) be a singular Pin~ bordism between (M, f1) and (M, fi).
Then (S(W), F o p) is a singular boundary of (S(M)(My) US(My), foU f1).
It is even a Pin~-boundary because the Pin™ structures 9S(W) and S(OW)
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agree by the uniqueness Theorems 1.2.15 and 1.2.20. The construction of t
is fibrewise, so we have the identity

taet TW |55y = tdet T U taet T, -

Furthermore, the homotopy class of t4e 7y depends only on M. Thus, the
given assignment is well-defined and, because of

(S(Mo U M), (fol f1) op) = (S(Mo) US(M), foopU fiop),
it is even a homomorphism. O

Lemma 1.4.15. If M is a Spin manifold, then (S(M),taetrrs) = (M X
St pr,), where we use the interpretation S* = RP! C RP>.

Proof. Since M is oriented, we find a section s: M — M°". This section
induces a diffeomorphism

M x S* — M xz, S* = S(M)
(m, z) — [s(m), z]..

Orientiability of T'M also implies that we can choose the classifying map of
det TM to be constant with value [1:0...] € RP*. Thus, the associated
map on Thom spaces is induced by

D(det TM) = M°" xz, [-1,1] = RP* = Th(7x)
[m, t] — [t:\/l—tQ:O:...}.

By pulling tge;7as back with this diffeomorphism, we obtain the continuous

map
2
(m, exp(ip)) — [f /1 <£> 0|,
7 T
which can be interpreted as pry, under the identification S = RP?. O

1.5. The Pin bordism coefficients

In this section, we are going to calculate the coefficient groups Q™ (pt)
for n < 4. Using the isomorphism QF™ (pt) = QP (RP*, pt), this task is
equivalent to determine the relative Spin bordism group of RP> for n < 5,
which can be done by applying the Atiyah-Hirzebruch spectral sequence to
QSPin” (R P>), and then splitting off the Spin coefficient groups. The notation
we use for the spectral sequence calculations is introduced in Appendix C.

The next theorem summarises the results of the involved calculations.

Theorem 1.5.1. The first siz relative Spin bordism groups of RP> are given
by:

07" (RP™, pt) 20, QP (RP™, pt) & Zs,

QP (RP, pt) & Zo, QP (RP, pt) 2 0,

Q5P (RP™, pt) & Zo, Q37" (RP*, pt) = 0.
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Corollary 1.5.2. For the Pin~ bordism coefficients we get the following iso-
morphisms.®
n= |0]1]2][3]4]
QP (pt) [ Zo | Z2 [ Zs |0 0]

The generator of QY™ (pt) is [SL.] and the generator of QY™ (pt) is [RP?].

Proof. It remains to prove the statement about the generators. Every com-
pact manifold of dimension one is diffeomorphic to S*, which has two different
Pin~ structures. But S! equipped with the trivial Pin~ structure is a bound-
ary of D% So, the generator must be S, .. Theorem 1.3.9 states that [RP?]
is a generator of Q5™ (pt). O

Before we start with the proof, let us recall from Appendix A that
QSPin(pt) is a graded ring acting on QSP(RP>). This action turns the
corresponding Atiyah-Hirzebruch spectral sequence into a spectral sequence
of Q5P (pt)-modules, which converges to QP (RP>) as a Q5P (pt)-module.
Furthermore, QP (pt) 2 Zj, is generated by [SL ] and Q5P™(pt) = Z, is
generated by [Sf, x St.J; we conclude that

in 'X[Slie} in
Q7P (pt) ——= Q37" (pt)
is an isomorphism.

From the coefficients listed in Example B.3.2, we are in the position to
determine the groups Ef,?q = H,(RP*>, Qgpi“(pt)), which are partially listed
in Figure 1.1. The next step is to determine the differentials. A list of all

Z \|Zoy| O |Zo| 0 | Zo

0, 0]0]0]0]0
ZQ ZQ ZQ ZQ ZQ ZQ

N W

1 ZQ Z2 ZQ ZQ ZQ ZQ

0| Z (Zo| 0 |Zo| O | Zo
0o 1 2 3 4 5

Figure 1.1. The second page E;g,q = H, (RPOO; Qgpin(pt)> for p <5 and ¢ <4 of
the Atiyah-Hirzebruch spectral sequence approximating Q5P (RP>).

possibly non-trivial differentials of the second page we are interested in is
provided in the next theorem.

Theorem 1.5.3. Let (p, q) be a pair from the table below. Under the identi-
fication E} =17, = E? , .\, the differentials corresponds to

Po)=[(2,1)](3,0)]31]41)](5,0)](51)]
=1 0 0 | 0 [ id | id | id |
3 For a complete list see [ABP69]




1.5. The Pin bordism coefficients 43

Before we prove this theorem, let us harvest its consequences. The differ-
entials listed in Theorem 1.5.3 yield partial results for the third page listed
in Figure 1.2. Since any differential mapping into the first column must be

4 7 | Lo
3 010
20 Zo | Zy 0 | 0

1129\ Zgy Zo| 0 | 0

0/ Z |Zy| 0 |Zo| O
o 1 2 3 4 5

Figure 1.2. The third page E;’yq for p < 5 and ¢ < 4 of the Atiyah-Hirzebruch

spectral sequence approximating Q5P (RP™).

zero, in particular d30, we observe that dj . = 0 for every r > 3 as long
as p +q < 5. Therefore, we conclude E3 = By, for p+q < 4. Using
a characteristic number argument, we Wlll shovv that the generator of E7,
must not survive and hence, E7) = 0. Thus, we do not need to determine
further differentials to write down the part of the infinity-page we are in-
terested in. Since EgS, = Fo, = QFP™(pt) C QSPM(RP>) always splits off,

4 7 | 0
3 00
202y |Zy| 0| 0

00Z |Zs| 0 |Zo| 0O
o 1 2 3 4 5

Figure 1.3. The infinity-page £, for p < 5 and ¢ < 4 of the Atiyah-Hirzebruch

spectral sequence approximating Q5P™ (RP>).

there is only one non-trivial extension problem to solve, namely, to determine
QSpm (RP>) = QSpin (RP‘X’, pt) from the informations provided by the groups
on the fourth diagonal {E5% [p+ ¢ = 3}. But we know from Theorem 1.3.9
that Q"™ (RP>, pt) = ng (pt) is cyclic. Therefore, QY™ (pt) is isomorphic
to Zg. The generator is represented by the real projective plane rather than
the Klein bottle. This results contradicts a statement in [Pet68] on page 34.
Thus, we verified the equations in Theorem 1.5.1.

Now, we will fulfil our duty to fill the gaps, namely, to determine the
differentials and to verify BT =

Lemma 1.5.4. d3, = 0.
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Proof. Since d3, maps to Ef,, a group in the column indexed by p = 0, it
must vanish by Corollary C.0.22. [

Using Q5P (pt)-equivariance of the differentials, we deduce the following
lemma.

Lemma 1.5.5.

df,}l =0& df,}o =0, for every odd p.

df),l =0«& d§,2 =0, for every p.
Proof. Let either ¢ = 1, or ¢ = 0 and p odd. Then the multiplication with
[SL.] € Q"™ (pt) gives an isomorphism

0o in X[SLe] 00 in
Ez,q = HP(RP ;QSP (pt)) —gL)' HP(RP ;Q(?il (pt)) = Ez%,q—&-l‘

The differential is prin(pt)—equivariant, so we obtain a commutative square

2

d
— 2 P-4 2 —
Zy= B2y B2 =L

p

Nl'x[sﬁie] Nl'x[siie]
_ 2
Ly = Ep,q+1 dp a1 Ep—2,q
with vertical isomorphisms; the statement follows. O

Lemma 1.5.6. d3, =0 and d3, = 0.

Proof. Assume that d3, # 0. Then Ef, = ker dj, = 0 and, therefore,
E3% = 0. Since E5G = F3/Fs1, the previous conclusion implies

QP (RP®) = Fpy = im[Q5P" (RP?) 25 Q5P (RP™))].

In other words, every singular Spin manifold of dimension three is bordant
to a singular Spin manifold with image in RP?. In particular, (RP3,:) with
the canonical inclusion ¢: RP3 < RP> would be bordant to a singular Spin
manifold (M, f), where f takes values only values in RP2,

Applying this observation to the generalised Hurewicz map, we deduce

1.[RP?] = incl, o f,[M] =0

because it factors through H3(RP?;Z,) = 0. But this is a contradiction
because t,: H3(RP?) — H3(RP>) is an isomorphism.

Now, the equality d?ﬂ = 0 follows from equivariance, see Lemma 1.5.5.

O

Corollary 1.5.7. Ef5, = E} .

Proof. The differentials dj , vanish for every r > 2 because their ranges lie
in the column indexed by ¢ < 0. Similarly, all df,,, ., vanishes for r > 3
vanishes because their domains are zero. Additionally, dio = 0 because
E} = Ej, =0, and the claim follows. O
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Lemma 1.5.8. dj, # 0.

Proof. Consider the homology long exact sequence
1A QS RP, pt) - OS(RPY, pt) —- O(RPA RPY) A

By applying the Atiyah-Hirzebruch spectral sequence to RP2?, we observe
QP™(RP2,pt) = Zy. Indeed, only the first three columns of the second
page are non-zero. Therefore, every differential df,’q having a non-zero target
space and a non-zero domain must fulfil p = 2. But d%q is always the
zero map because its target space lies in the column indexed by p = 0, see
Corollary C.0.22. The higher differentials d;q with » > 3 always die because
either their domain or their target is zero. Consequently, E;q = E;5,. Since
E$S = E31 =0, we have Q}""(RP?,pt) = E3, = Z,.

Next, we consider the group Q;P"(RP* RP?) = Q}P"(RP*/RP2 pt).
Since RP*/RP? is homotopy equivalent to S® U, D*, where ¢: S* — S3
is a map of degree two, the corresponding Atiyah-Hirzebruch spectral se-
quence for this space has the second page partially presented in Figure 1.4.
Any differential with target in the column indexed by p = 0 vanishes, so

47Z 10|10 |Zy 00
3 0 0]0]01]0O0
20221 0 | 0 | Zo|Zy| O
11Zy| 0| 0 |Zy Zy| 0O
0 00 |Zy| 0] O

o 1 2 3 5

Figure 1.4. The second page Ez,q of the Atiyah-Hirzebruch spectral sequence for
approximating Q5P (RP4/RP?).

we conclude that the second page is also the infinity-page. We read off
that Q"™ (RP*, RP?) = QP (RP*Y/RP?, pt) = Z,. Thus, Q"™ (RP*, pt) —
Q5P (RPY, RP?) must either be zero or be surjective. From exactness we
deduce injectivity for the morphism Q5P™(RP2, pt) = Q5P™(RP?, pt), and,
therefore, injectivity for

QSPM(RP3) D Fyy 2 Fiy C QSP(RPY).
But this is a contradiction because
Flo=E3=E,—=0=E,=F,C Q5P (RPY).

To see that the right EfQ is zero, we use that incl: RP* < RP> induces a
natural isomorphism on the second pages of the corresponding AHSS in de-

gree p < 3. So, by Lemma 1.5.6 we have d?ﬂ # 0 for the AHSS approximating
QSpin(RPY).
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N W
[aw]
o
[a]
o

0
0
0
1129 | Zo | Zg | Zg | Zg | O
0
5

(@]
—
N O
w
S

Figure 1.5. The second page Equ of the Atiyah-Hirzebruch spectral sequence for
approximating Q5P™ (RP4).

Consequently, QP"(RP* pt) — QP"(RPY RP?) is the zero map. Ex-
actness then implies that Zy = Q™ (RP2, pt) surjects onto Q57" (RP*, pt).

Now consider the second page of the AHSS for QSP(RP?). By the pre-
vious lemmas, we already know that ds, = 0 for every r > 0, so E3y =
B3, = 7. Since Es% = E3,/imdj |, we conclude that imd; # {0}; other-
wise the group QP"(RP*, pt) would consists of four elements and that is a
contradiction.

Since the inclusion RP* — RP> induces natural isomorphisms Ef,’q —

Eg’q between the corresponding spectral sequences if p < 4, the differential
dy, must also be non-zero in the AHSS for Q5P™(RP*). O

Lemma 1.5.9. dZ; # 0 and df ; = 0.

Proof. Since dj ; # 0, the differential d3 ,: E3; — E3, = {0} vanishes neces-
sarily. This implies E) = Eso/imdZ . So, if we assume that d2, = 0, then
the isomorphism induced by forgetting the Spin structure

S, (P 03P s H(RP,00) 01,
would give rise to an isomorphism
Spin SO
p ngf) — "V ERy,
and the map SPFy o, — S9F; 5 would not factor through S°F,, = SOF;,.

Comnsequently, there would be an element of the form

2

[RP®, incl] + ) “[M™, f.],

n=0

which must be hit by a singular Spin manifold. Here, (M", f) denotes an
oriented singular manifold of dimension n. But this can be ruled out using
characteristic numbers. Indeed, under the identification H*(RP>;Z,) =
Zo|x] and H*(RP®;Zy) = Zsla]/{a®) we have

2
wo(RP?) Uincl*z® + Z @) Uwo(M™) =a*Ua® = a®

n=0
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because f'(z%) € H3(M™;Zy) = 0. By Poincaré duality, we conclude that
the characteristic number associated to this class is 1 instead of 0. So, this
class cannot be hit by Spin manifold and we derived a contradiction.
Consequently, d§70 is indeed non-zero and we have finally derived the first
part of the statement. The second part dZ ; follows from equivariance. [

Lemma 1.5.10. Eﬁ = 0.

Proof. Assume the contrary, then Ef9 = E}, = Z,. A comparison with
oriented bordism will lead to a contradiction. Forgetting the Spin structure
gives an isomorphism

Spln‘E174 N SOE124 — SOETZ'

The groups on the right-hand-side are generated by [CP? x RP!, pr,]. This
can be deduced from the Q5°(pt)-action on the Atiyah-Hirzebruch spectral
sequence. But from this isomorphism we conclude that there is an element
in 9F} 4 that has the form

[CP? x RP* pry] + [M?, const],

and must be hit by a singular Spin manifold. Again, this can be ruled out by
an characteristic number argument. Identify H*(RP>;Z,) with Zs[z] and
H*(CP? x RPY; Zy) with Zs[a, b]/{a®, b*). We find

pri(z) Uwi(CP? x RP) + const*(z) U wi(M?)
— pry(2) U (wa(CP?) x 1+ w; (CP?) x wy (RPY) + 1 x wy(RPY))?
=(1®b) - (@®®1)=d®®b#0

and conclude from Poincaré duality that the induced generalised Stiefel Whit-
ney number is not zero. Therefore, this element cannot be represented by a
singular Spin manifold, and we have derived the desired contradiction.  [J

As an application of the previous calculations, we will verify that the
torus with the 'bad’ Spin structure is also a non trivial element in QY™ (pt).

Corollary 1.5.11. [S,. x SL.] # 0 € Q5™ (pt).

Proof. 1t suffices to find a homomorphism that maps [SL,, x Si.] not to
0 € Q3P™(RP>,pt) = Q3P™(RP*>). Luckily, the Spinification does the job.
Indeed, since Si. x Si.. is a Spin manifold, the homomorphism & maps
[SL.. x Sk ] to [SL.. x St x S, prs], which is not zero because it generates
the group ET, = EiQ in the Atiyah-Hirzebruch spectral sequence associ-
ated to QSP(RP>). Indeed, [RP!,incl] = [S?,incl], endowed with any Spin
structure, generates

QP (RP™, pt) = Fyo/Foy = E5% = By # 0.

So, by the discussion above, multiplying with [S{,, X Si;.] gives an isomorph-
ism between Ef, and Ef, = E5. Thus, [S* x Sf; X Si,,pry] is also a
generator of ETS # 0 because changing the order gives a Spin preserving
diffeomorphism between the two representing singular Spin manifolds. O]






Chapter 2
The classifying space BO(2)

The aim of this chapter is to give a detailed discussion of the geometrical
and topological structure of the classifying spaces BZ,, BSO(2), and BO(2).
It is commonly known that BZ,; and BSO(2) = BS! have RP>™ and CP*
as geometric models. In [Mil74, p.65] it is shown that Gr(oo,n) provides a
model for BO(n); however, the suitable choice for our model will be CP* x,
S°°. The advantages of this twisted product is that its cellular structure is
closer to the ’standard’ cellular structures of RP* and CP*°, which is why
it simplifies calculations on the level of chain complexes and (co-)homology.
Even better, the cellular structure we chose for this product consists of closed
cells that are compact manifolds. This observation turns out to be fruitful
for the calculation of the bordism groups presented in chapter 3.

The structure of this chapter can be summarised as follows. Firstly, we
will show that CP> xz,S* serves indeed as a model for BO(2) and that it is a
CP-fibre bundle over RP*. If we endow this model with the CW-structure
we have described above, then all closed closed cells are the closed manifolds
CP™ xyz, S™, which are known as Dold-manifolds and generators of the ring
M, = Q2(pt) |Dol56]. Using this decomposition, we are able to calculate the
differentials of the cellular (co-)complexes and, consequently, to determine
the (co-)homology groups in any coefficients. Explicit results will be stated
for the rings A € {Z,Z,,7s}.

In the last part of this chapter we take a closer look at the cells P(m,n)
itself. We will show that P(m,n) generates a homology class dual to wjwj"
and calculate its total Stiefel-Whitney class. This will tell us which of those
manifolds are Pin, orientable, e.t.c.

After developing the content of the first four sections of this chapter, the
author has noticed the existence of the very worth reading paper of Dold
[Dol56], which contains many of the independently developed results here.

2.1. A twisted product as model

Before we give the precise definition of CP> Xz, S, let us recall that
O(n) = SO(n) x Zs as sets, but the group structure is given by a semi-direct
product rather than a direct product. Indeed, there is a short exact sequence

1 ——S0(n) —— O(n) <~ 7, 1,
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where r(£1) = diag(£1,1,...,1) € O(n). Therefore, O(n) = SO(n) Xy Zs,
where 0: Zy — Aut(SO(n)) is defined by 6(h)(n) = ¢~ (r(h)c(n)r(h)~1). The
group structure on SO(n) Xy Zy is then given by

(nl, hl).<n2, hg) = (n1(9<h1>(n2), h1h2>

and the isomorphism by (n,h) — n - r(h), as one can easily check.

If n = 2, then O(2) & S! x Zy ~ C, where S' acts by complex multi-
plication and (1, —1) as complex conjugation. It is not hard to check that
the isomorphism carries this representation to the standard representation of

O(2) on R
Definition 2.1.1. Let Zs act on CP>* x S via (—1).([z], z) = ([z], —x) and
define

CP™ xgz, S* = (CP* x §%)/ Zs.

The concept of a semi direct product allows us to identify CP* xz, S
as a model for BO(2) in a very transparent manner. If we interpret S™ =
S§200=1 C C*, then S! acts on S by complex multiplication, and we obtain
a S! fibre bundle over S /S = CP>. By replacing S! with Z,, we identify

S as a Zs-fibre bundle over RP>. Since S* is contractible, these bundles
must be universal (c.f. [tD08, Theorem 14.4.12]), and CP> and RP> are

classifying spaces for the groups S* and Z,, respectively. An analogous result
for BO(2) is given in the next lemma.

Lemma 2.1.2. The composition of the canonical projections
§% x §oo T Cpo x §x% _f L CP® x, S
induces the structure of a principal O(2)-bundle on S x S*. Consequently,
CP*> xgz, S serves as a model for BO(2).
Proof. A right action O(2) = S* x Z, is given by

(8 x 8%) x (S % Zy) — S x S,
((z,2), (w,y)) = (O(y)(z - w),z-y)

as the following calculation shows:

).(010(y1)(w2), y1y2)

Y2) (2 - wif(y1)(w2)) , 7 - y132)
(1) ((z - wi0(y1)(w2)) , @ - y192)

0(y2) (0(y1) (2 - w1) - w2) , @ - y1y2)

(z,2).(y1,w1)) (w2, yo).

(z,2). (w1, y1)(w2, y2)) = (2,
= (0(y
Y
(y

0(y2)0

=
(

To see that S x S is locally trivial, consider the open subsets

= {[2]| 2m # 0} CCP*> and V¥ = {z| £z, > 0} C 5.
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The bundle S x S will be trivial over the open subsets [U,, x V] C
CP> xgz, S*. Indeed, there are equivariant homeomorphisms given by
O, 4 [Un X VT X O(2) = 8% x 8%y vt = U x (V,F UV,

([u, v]; (2, 2)) = O(z) (@ - 2,0 - @),

where (@,?) is the unique representative of [u,v] satisfying @, > 0 and
4wv, > 0. The previous calculation also shows the equivariance of these
maps.

The diagram

(U x VE] x O(2) Un x (VFUVT)

pry ko(mxid)

[Um X Vni]

commutes by construction, and one easily sees that ®7!|,, .+ is a homeo-
morphism; thus, S x S* is indeed a principal O(2)-bundle over CP> x 7,5
Since the total space is contractible, S™ x S — CP* xy, S* serves indeed
as a model for £EO(2) — BO(2). O

Theorem 2.1.3. For any 0 < m,n < oo, the projection map
m: CP™ Xz, 8" — RP",
[[z], 2] = [a]
turns P(m,n) into a CP™-fibre bundle.

Proof. Similarly to the notation used in the last proof, we define V; := {[z] €
RP" |z # 0}. Then the map

. Vi x CPY — [CP™ x V,1],
([2], [2]) = [2, 4]
is a homeomorphism. Here, & is the representative of [z] satisfying x; > 0.

Of course the relation p o (I),?l = pr, is also satisfied. Consequently, 7 is a
fibre bundle map with fibre CP™. n

There is a canonical section of 7

0o: RP" — P(m,n),
[z] = [[1:0:...],z],

which is a cellular map. We will use this section in chapter 3 to produce a
split in the spectral sequences for BO(2). However, it is convenient to know
that any two sections of m are homotopic and, therefore, that the split will
not depend on a specific choice.

Theorem 2.1.4. Any two sections of m: BO(2) — RP* are homotopic.
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Proof. Let o be an arbitrary section of 7. We will show that ¢*(S>° x S°)
is isomorphic to

0p(5% x 5%) = {([z], z,2) | o0 ([x]) = [[2], x]}
p% {(z1,2) |2 € [2]} = S* x §™.
From the universal property of BO(2) it will follow that o and oy are homo-
topic.
First observe that we can find a continuous map s = s,: 5 — CP*>
satisfying s(—z) = s(x) and o([z]) = [s(z),z]. Indeed, covering theory
provides a lift

S RP*

BO(2)
2:1T
CP> x 5%,

and projecting this lift onto the first component gives the desired function
S = s,. Since S is contractible, our function s is homotopic to the constant
map S — {[1:0:...]} € CP* via a homotopy denoted by h.

Since S — S — CP* is a Serre fibration, we can lift this homotopy
to S such that H(-,1) maps everything to e; = (1,0,...). Set § = H(-,0).
This is a lift of s by construction. Since [[5(z)],z] = [[5(—2)], —x], we con-

clude L
5(—x) = p(x) - 5(x)

with p(x) € S'. Note that the map = — p(z) = (5(z), 3(—x)) is a continuous
map S — S. Here, (-,-) refers to the standard bilinear form on C* and
not the hermitian form. From

S(x) = 8(= (xﬂzp(x)ﬂ—@
= p(=x) - p(x) -

2} 7 30
we derive 1 = p(—x)p(x) or, equivalently,

p(x) = p(—x).

Since p is homotopic to the constant map, covering theory yields the existence
of continuous square root p'/2. Then

Salx) = (03 - 5(x)
satisfies S,(—x) = S,(x) and, we have therefore

o([z]) = [[So(@)], 2.

With the help of S, we have a nice description of o*(S>° x S*°), namely

o (5% x 5%) = {([z], z,v) | o([z]) = [[z], v]}
={([z]. ¢+ So(2),2) [ C € S}
= {(¢ So(w),z) [ (€5}

pl"1

~—

/\
H

~—

8
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Now, an equivariant map between o*(S x S*) and S! x S* is given by
05 (8%® x §°) = S x 8% — 0*(S™ x %)
(Cal’) = (C : Sa(x)al‘)'

This map covers the identity on RP*° and is therefore a bundle equivalence.
By the universal property of BO(2), the maps ¢ and 0y must be homotopic.
O

2.2. The CW-structure and the (co-)homology of the
model

Having introduced our geometric model for BO(2), we take a closer look
at its CW-structure. We will derive a cell decomposition for BO(2) close to
the standard cellular structures of RP> and CP*°. Then we will use this
decomposition to calculate the singular homology and cohomology groups of
BO(2) with coefficients in A € {Z, Z,, Zs}.

Let us recall that CP> has the skeleton (CP>)#~1 = (CP>=)®" = CP*k,
and that the attaching map to glue a 2(k + 1)-disc to the (2k + 1)-skeleton is
given by the canonical projection S?**!1 — CP* = §?*1/S1. Since we have
only one closed cell of dimension 2k, we denote it with CP*, too.

For RP*, we have an analogous result, namely (RPOO)(k) = RP*, and
the attaching map is given by the canonical projection S* — RP* = S*/7Z,.

To construct our preferred cell structure for BO(2) = CP* xz, S, recall
that S has the cell decomposition into upper and lower hemispheres. The
skeleton is given by (S*)*) = S* and we attach two (k + 1)-cells to the
skeleton via the following pushout

k+1 k+1 k+1
D¥ U D Sob .

The characteristic maps are defined by

@;(w) = (. (-1 VI=TalP)

We denote the closed k-cells with e = ®;(D").

The cell decomposition of CP> x S is given by the product cells CP* x
e;-‘_%. Since CP* and S* have only countably many cells, the limit topology
on CP>™ x 5% agrees with the product topology [SZ94, Chapter 4].

We obtain a CW-structure on CP*> x, S* by applying the canonical
projection k: CP* x S — CP*® xyz, S*. More precisely, CP> xz, S can
be decomposed into the closed (2m+n) cells K(CP™ x S™) = P(m,n), which
are known to be the Dold-manifolds. Indeed, using this cell decomposition
we get for the skeleton BO(2)*) = |J P(m, k — 2m). The characteristic map
for P(m,n) is given by

D?mtn = o DI ox D" —— CP™ x e} —— P(m,n).
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Even better, P(m,n) is not only a closed cell in BO(2) but also a subcomplex
consisting of all closed cells P(m/,n") with m’ < m and n’ < n. Furthermore,
one can easily observe that the maps given in Theorem 2.1.4 are not just
cellular maps but maps sending closed cells to closed cells. The covering
map k does the same, by construction.

The cohomology of BO(2):

Let us first recall the cellular chain complexes of CP> and S°°, and use
these to calculate the cellular chain complex of CP* xz, S
Since CP* has only cells of even dimension, we have

A, if ¢ is even,

cotep iy 4 T
? 0, if qis odd,

and the cellular differential is therefore always zero for algebraic reasons.
Using the hemisphere decomposition of S, we get for the cellular groups
Cge” (S>°; A) = A2, where the generators are given by the upper and lower
hemisphere. With an appropriate orientation, the cellular differential is given
by
By(ef) = (1) (ef " +ef ).
Since CP> x S consists of product cells we derive derive

&](CP’“ X Gg_Qk) = anCPk X e?_Qk + (_1)2k . (CPk: % 8q—2k€;]-_2k
=0+ (=1)7 - CPF x (ef " 4727
= (—1)7 - CPF x (e el ).

We need an auxiliary lemma to calculate the cellular differential of the
cellular complex of CP> xz, S*.

Lemma 2.2.1. The compler conjugation ~: CP* — CP* reverses the ori-
entation if and only if k is odd.

Proof. 1t is well known that a linear isometry A € O(n + 1) restricts to a
continuous selfmap on S™ with mapping degree det(A).

Using this fact, we derive the statement from the following commutative
diagram

Hay(CP* CP*') — "~ Hyy,(CP*,CP* 1)

o> <o.

[_—]2,€<D2k7 SQkfl) * HQk(D2k, SQkfl)

2| s

H%_l(s%fl) * H%_l(s%fl).

= (-1)k.id

]

Theorem 2.2.2. The cellular complex of CP* Xz, S* has the following
description: For the groups we have

C(t]:ell(cpoo X7, Soo) ~ AL%JrlJ
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with basis {P(k,q —2k)|0 <k < [1]}. The differential is given by
cell —k
O (P(J, g — 2K)) = (14 (—1)™*) - P(k,q — 2k — 1)

Proof. The statement about the cellular groups follows immediately from the
cell decomposition we gave above. It remains to verify the identity for the
cellular differential.

Consider the commutative diagram

9 ce 00 0o
Ceell(CP> x 5%) Ceell (CP> x §%)

Cgell((cpoo X7, Soo) cgiﬂl((CPoo X7 Soo),

2

and recall that we have defined P(k,q — 2k) = k,(CP* x l™*"). Note that
kig(CP* x 97} and P(k,q — 2k) may differ by a sign as the following com-
putation shows:
Kq(CP* x e072%) = k, 0 (- x —id),(CP* x I72F)
— kg0 (- x id)g 0 (id x —id),(CP* x ¢47F)
= kg0 (- xid), ((~1)T2-1CPF x eg—2k>
= (=), (TP x e ™)
(~1)7 27 (1) kg (CP* x )
(=1)"*P(k,q — 2Kk).

Putting these informations together, we get

,(P(k,q — 2k)) = 8, 0 kiy(CP* x 7%} = k,_, (aq(ccpk x eg*%))
= g 1 (CP* x ef 7' 72 £ CP* x &I7177)
= P(k,q—2k — 1) + (=)D 1Pk g — 1 —2k)
=1+ (-D)""P(k,q—1—2k).

]

Corollary 2.2.3. The kernel of the cellular differential 856” is generated by
the sets {P(k,q—2k)|2 f(q—k)} and {r-P(k,q—2k)|2-7 =0, 2|(¢—k)} as
long as q is not divisible by 4. Otherwise, P(q/2,0) lies additionally in the
kernel. The image is generated by {2- P(k,q—2k) |0 <k < |q/2],2 fq—k}.

Note that P(q/2,0) is never a cellular boundary. Therefore, if ¢ is divisible
by 4, its induced homology class does not belong to the torsion subgroup.
FEzample 2.2.4. Let us apply the Corollary 2.2.3 to the cases A € {Z, Z,,
Zs}.

A =7Zs: Since 2 = 0 we have 9, = 0 for every ¢g. Thus, we get for the
homology groups Hy(BO(2); Zy) = CcM(BO(2); Zs) = Zégﬂ]
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A = 7Z: Using Corollary 2.2.3, we deduce H,(BO(2)) = Z%q/HU if ¢ is not
divisible by 4, and H,(BO(2)) = 7YY @ 7 if ¢ is. In this case, the free
part is generated by P(q/2,0).

A = Zs: Again, if ¢ is not divisible by 4, then H,(BO(2): Zs) = Z/**!
and H,(BO(2);Zs) = Z%qm @ Zg otherwise. The free part is generated
by P(q/2,0). A set of generators for the torsion part is given by the set
{P(k,q—2k)|q—kodd}U{4- P(k,q—2k)|q— k even}.

The fibre bundle map 7 given in Theorem 2.1.3 and its section oy are
cellular maps. The induced maps on the cellular complexes are given by

Ccell<ﬂ_): P(k’,l) — RPl and Ccell(o_o): RPl — P(O, l)

Together with the computation of the cellular boundary, this observation
proves the following lemma.

Lemma 2.2.5. Let R be an abelian group. The kernel of(fge”(ﬂ) 18 generated
by all cells P(k, q—2k) with k > 0 and ker Hy(w) C H,(BO(2); R) is generated
by all elements of the form r-P(k,q—2k) with k > 0 and r-0P(k,q—2k) = 0.

Having determined the cellular boundary map of the cellular chain com-
plex, the determination of the cellular coboundary map of the cellular cochain
complex becomes a formality and is easily done. Therefore, we will omit the
calculations and just give the results.

Let prq-oc € Coy(BO(2);A) = Homg(C"(BO(2);Z); A)) be dual to
P(k,q — 2k) in the sense that ¢y ,_ok(P(k,q — 2k)) = i These dual cells
form a basis of the cellular cochain groups, and the cellular coboundary 02,
is uniquely determined by the images of the cocells. The next results are

immediate consequences of the calculations done for the homological case.

Theorem 2.2.6. For the cellular coboundary, we have

5q(90k,q—2k) = (1 + (_1)Q+1_k) * Pk,g+1-2k-

Corollary 2.2.7.

ker 8% = spang ({Prg-2t | 21(g — £)} U{r - prgoae] 2-7 = 0,2 flg — K)}).
im 67 = spang {2 | 2/(q — k).}

Example 2.2.8. We apply Corollary 2.2.7 to determine the cohomology groups
for the cases A € {Z, Z», Zs}.
A = Zs: Since 0 = 2, we have 0?7 = 0, and we derive for the cohomology

groups H1(BO(2);Zy) = CL,,(BO(2); A) = Zégﬂj.

A =7 We have HY(BO(2);Z) = Z5 if ¢ is not divisible by 4. Oth-
erwise, we have HY(BO(2);Z) = Z;J @ Z. The free part is given by
¥Pq/2,0-

A = Zg: Tt ¢ is not divisible by 4, we have HY(BO(2); Zs) = Z52 ™. 1f ¢
is divisible by 4, then HY(BO(2);Z) = ZégJ @® Z. The free part is given
by goq/g’o.
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Before we close this section, we note that Theorem 2.2.2 also holds for
the CW-complexes P(m,n) without any restrictions because they are sub-
complexes. On the other hand, the cellular coboundary has to be properly
modified because we might run out of cocells’. If we use mod 2 coefficients
then the cellular boundary and coboundary is always zero. Therefore, we
obtain an analogue of Corollary 2.2.4 and 2.2.7 for the Dold-manifolds.

Theorem 2.2.9. For 0 < q < 2m + n, we have
. ~ plElH o )
H,(P(m,n); Zy) = Z, >~ HI(P(m,n); Zs),

and the inclusion P(m,n) — P(m’,n’) induces a monomorphism on homo-
logy and an epimorphism on cohomology.
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2.3. The multiplicative structure of the cohomology ring

We turn now to the description of the multiplicative structure of the
cohomology ring of the Dold-manifolds. These results give, in particular, the
ring structure of H*(BO(2),Zsy) by passing to the limit. Throughout this
entire section we are working with mod 2 coefficients only, so we omit them
in the notation.

Crucial for the determination of the multiplicative structure is the ob-
servation made in Theorem 2.2.9 that the inclusion P(m,n) — P(m/,n’)
induces an epimorphism on the cellular cochain complex and on the cohomo-
logy. There is also a canonical right inverse given by

jo H*(P(m,n)) = Coy(P(m,n)) = Cipy(P(m',n")) = H*(P(m’, n)),

cell

Pr1 = Pk,

where & < m and | < n. This right inverse allows us to interpret H*(P(m,n))
as a subvector space of H*(P(m/,n’)).

One easily sees that every cocell ¢i; € HY(P(m,n)) must already lie in
Hi(P(m — 1,n)) or HY(P(m,n — 1)) if ¢ = 2k +1 < 2m + n. Therefore,
every element in H9(P(m,n)) is uniquely determined by its images under the
homomorphism induced by the inclusions ¢;: P(m — 1,n) < P(m,n) and
ty: Plm,n —1) < P(m,n).

Using these informations, we are able to prove inductively the following
theorem about the ring structure of the cohomology.

Theorem 2.3.1. For every m,n > 0, the assignment @1 — ¢ and po1 — d
extends to an isomorphism of graded algebras

H*(P(m,n)) & Zy[c,d]/ (™ d"*).
In particular,
H*(BO(2)) = Zs|c, d].

Proof. The statement is clear for m = n = 0, so let us assume that the
theorem is correct for all pairs (m,n) € N3 with m +n < N.

For a pair (m,n) with m+n = N + 1, we conclude linear independency of
{¢hoUph | 2k+1 < 2m+n} from the induction hypothesis. Indeed, if one of

these elements, say apiOngg’l, is representable through a linear combination of

the others, so is Lj(go‘iOUcpgl). But this contradicts the induction hypothesis.
Hence, the theorem is already proven for all degrees < 2m +n. It remains to
show that o7y Ugg # 0. But P(m,n) is a manifold, so we obtain, for n > 0,
from the cup-cap relation and Poincaré duality [tD08, p.443| the relation

(¥ Uwhn Uwor) N[P(m,n)] = (¢7h Uwgr') Ngor N [P(m,n)]
= (el U i) N [P(m,n —1)]
Y.
and for m > 0, the relation
8071% N [P(m, 0)] = 90717,10 MNe10N [P(m, 0)]
= N [P(m —1,0)] = 1.
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In any case, these calculations show that ¢y U g, is never zero, and the
first part of the theorem is therefore proven.
The second part follows from

H*(BO(2)) = lim H*(P(m, n)) = lim Zy[c,d]/ (™ dMTYY = Zole, d).

]

As an application, we are going to show that every proper inclusion
P(k,l) C P(m,n) is not a retract unless k = [ = 0.

Corollary 2.3.2. For every pair (k,l) with 0 < k+1, the inclusion P(k,1) C
P(m,n) has no retract. In particular, the right inverse of * does not arise
from a continuous map.

Proof. Let r: P(m,n) — P(k,l) be a retract of v. Let ¢, d be the generators
of H*(P(m,n)) as in Theorem 2.3.1 and ¢, d’ the generators for H*(P(k,1)).
Since k + [ > 0, one of them must be non zero, say ¢. From r o = id we
conclude

which contradicts the previous theorem. O
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2.4. The total Stiefel-Whitney class of the
Dold-Manifolds

The aim of this section is to calculate the total Stiefel-Whitney class of the
Dold-manifolds. As in the previous section mod 2 coefficients are understood.
Recall from Theorem 2.1.3 that we have a fibre bundle

and from the previous section that H*(P(m,n)) = Zs[c,d]/{c™, d"t1).
The remainder of this section is reserved for the proof of the next formula.

Theorem 2.4.1. The total Stiefel Whitney class of P(m,n) satisfies the
relation

w(P(m,n)) = (1 +d)"(1+c+d)™ € H*(P(m,n)).
In particular,

wi(P(m,n))=(m+n+1)-d

wa(P(m,n)) = (m+1)-c+ (m(m tD  nlnt ”) 2.

2 2

Simple calculations imply the following corollary, which tells us precisely
which Dold-manifolds carry a Pin™ structure.

Corollary 2.4.2. P(0,n) is a Pin~ manifold if and only if n = 1,2 mod 4.
P(m,0) and P(m,1) are Pin~ manifolds if and only if m = 1 mod 2. For
m >0 and n > 1 the manifold P(m,n) carries a Pin~ structure if and only
if m=1mod 2 and

1,2mod 4, 4 m=1mod4
n=
0,3 mod 4, if m =3 mod 4.

We will verify the formula for the Stiefel-Whitney class by induction over
m and n. In order to do this, we need two auxiliary lemmas for the reduction.

Lemma 2.4.3. Let 7,1 — RP" ! be the tautological line bundle over
RP"™ ', The normal bundle v := v (P(m,n — 1) < P(m,n)) satisfies

v = p*’%’b—l

Proof. Let k: CP™ x S" N P(m,n) the canonical projection, and consider
the bundle map

P Y1 — v C TP(m,n)
([z,z],v) — [t — K (p, (cos({x,t-v))) -z, sin({z,t-v)))],

where [t — k(...)] is the tangent vector at the point [z,2] € P(m,n —
1) € P(m,n) represented by the curve ¢ +— £(...). This map is well



2.4. The total Stiefel-Whitney class of the Dold-Manifolds 61

defined, because it does not depend on the choice of the representative
of [z,z], and it maps indeed into the normal bundle because the curve
t — (p, (cos((z,t-v))) - x,sin((z,t - v))) represents an element in the normal
bundle of S"~! C S™. Furthermore, this map is fibre-wise linear and obvi-
ously not the zero map, therefore a fibre-wise isomorphism since both fibres
are one-dimensional vector spaces. Additionally, it induces the identity on
the base space. Thus, the given map is a vector bundle isomorphism. O

Lemma 2.4.4. The normal bundle v := v(P(m — 1,n) — P(m,n)) has the
total Stiefel-Whintey class

w(v)=14+c+d.

Proof. Since H'(P(m,n)) = spang,{d}, H*(P(m,n)) = spany,_{c,d*}, and v
is a vector bundle of rank 2, its total Stiefel-Whitney class can be completely
detected by its restriction onto fibre and base space of P(m,n), considered
as a CP™-fibre bundle over RP".

Firstly, we have

oow(v) =w(ogr) = w(e ® 1) =1+d € H(RP")
because there is a vector bundle isomorphism given by

€@ Y1 — OV
(v, v2) = [t (coom(ve), [L:0:---:0:¢- (v1 +1(ve,2))]), 2]

Here, pr: ¢ — RP™ denotes the trivial line bundle, and [t — ...] denotes a
tangent vector at the point oo(pr(vy)). Since the curve

ts[1:0:-:0:t- (v +i(vg, 3))]

represents an element in v(CP™ ! < CP™) our map indeed values in ojv.
Because of the commutativity of

cpm-lc__md_cpm-1y gn

Iy’

and that x is a submersion, we have

Cw(v) =w(*v) =w((kot)'v)
= w(incl"k*v)
= w (incl'v(CP™ ' x 8" < CP™ x S™))
=w (I/(CPm_l — (CPm))
=w(r) ) =c€ H*(CP™).

Here, 7,,_1 — CP™ ! denotes the canonical (complex) line bundle. To see
that (v(CP™ ! — CP™)) is isomorphic to 7% ,, the dual bundle of 7, 1,

recall that TCP™ = Hom(7,,, 7.), where 7 is the orthogonal complement
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of 7, in €™ with respect to the standard hermitian metric [Mil74, p.169].
Consequently,

TCP™|cpm— = Hom(7,, 75 )|cpm—1 = Hom (7 |cpm—1, T lcpm—1)
= Hom(7Tp_1, 7o @ €)
= Hom(7p—1, 7o) ® Hom(7p_1, )
=TCP" @7’ .

Since all elements of H(P(m,n)) are completely determined by the images
of «* and o* if ¢ < 2, the claim follows. O

Now, we are going to prove the main theorem of this section.

Proof of Theorem 2.4.1. For m = n = 0, the statement is obviously true.
So, let us assume that the theorem is already proven for all m and n with
m+n<N.

Note that all wy(P(m,n)) with k£ < 2(m — 1) + n+ 1 can be completely

described by restricting them to P(m —1,n) < P(m,n) and P(m,n—1) <
P(m,n).
Now, with a slight abuse of notation we get, using Lemma 2.4.3,
Jw(TP(m,n)) =w(iTP(m,n))

=w(TP(m—1,n)®v(P(m—1,n) <= P(m,n)))
=w(TP(m—1,n)) w(v)
=w(TP(m—1,n))- (1+c+d)
E1+d)"1+c+d)™(1+c+d)
=(1+d)"1+c+d)™" € H(P(m —1,n))
=((1+d)"(1+c+ d)mﬂj),

(.

eH*(P(m,n))
and analogously, but applying Lemma 2.4.3 instead, we get

tyw(TP(m,n)) = w(TP(m,n))
=w(TP(m,n—1)®v(P(m,n—1)— P(m,n)))
=w(TP(m—1,n)) - w(..))
=w(TP(m,n—1))(1+d)
ZA+d)" ' I+ c+d)™(1+d)
=(1+d)"1+c+d)™™ € H(P(m,n —1))
=5((L+d)" (1 +c+d)™).

(.

eH*(P(m,n))

Together, both computations show that

wi(P(m,n)) = ((1 +d)"(1+c+ d)mﬂ)(k)

for every k < 2m + n — 1. It remains to verify the equality

Womin(P(m,n)) = (1 +d)"(1+c+d)™) = (m+1)(n+1)c"d".

(2m—+n)
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But it is known (c.f [Mil74, Corollary 11.12]) that the top Stiefel-Whitney
class applied to the fundamental class gives Euler characteristic modulo 2.
Therefore, we derive

Waman(P(m,n)) N [P(m,n)] = x(P(m,n)) mod 2
Z (—1)dimP(T’5) mod 2

r<m, s<n

> (=1)¥(=1)* mod 2

r<m, s<n

(m+1)- Y (=1)* mod 2
0<s<n

=(m+1)(n+1) mod 2.

So, the desired equality follows from this numerical result and Poincaré du-
ality:. O]
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2.5. Determination of the ordinary bordism groups

We are going to apply the results from the previous sections to determine
the ordinary bordism groups of BO(2). It will turn out that the ordinary
bordism groups are uniquely determined by mod 2 cohomology and the coef-
ficient groups Q9(pt). Again, throughout this section we only work in mod
2 coefficients and omit mentioning this in the notation. A precise statement
is given in the next theorem. The rest of this chapter is devoted to its proof.

Theorem 2.5.1. The Zs-linear extension of the assignment
[P(m7 n)] ® [M] = [P<m7n) X Mv prl]

defines an isomorphism H*(BO(2)) ®z, Q0(pt) — Q2(BO(2)) of Q°(pt)
modules.

The ingredients of the proof are the ring structure of H*(P(m,n)) and the
Theorem of Pontrjagin and Thom that classifies the elements of Q9 (pt) in
terms of Stiefel-Whitney numbers, see [Stol5, p.95|. Putting these informa-
tions together, we construct for every element on the left-hand-side a general
Stiefel-Whitney number giving 1 by applying it to the chosen element. This
implies injectivity, and surjectivity will then follow from a counting argument.

Proof. First, observe that the map in the theorem is well-defined and already
linear in the second component. Indeed, let [P(m,n)] € Hapin(BO(2))
be the homology class generated by P(m,n) and M; bordant to M, via
B. Hence, the singular manifold (P(m,n) x (M; U M,), pr;) is bounded by
(P(m,n) x B,pry). Also the Q9 (pt)-equivariance is obvious.

Now, let £ € H,(BO(2);Zy) ® Q°(pt) be a non-zero element. It can be
written as a finite linear combination

¢=Y [P(k,1)] @ [Mp)-

Pick a summand [P(m,n)] ® [M(, ] such that 2m + n is maximal over all
summands in the given linear combination of £&. (We do not require that this
summand is unique.) Choose the general Stiefel-Whitney class

(pf{(xmyn) U wI(P(m,n)) X M(mm))
= "d" Uw' (P(m,n) X My,n) € H (P(m,n) X My,n),

where we identify H*(BO(2)) with Zs[x,y] and H*(P(m,n)) with the trun-
cated polynomial algebra Zs[c, d]/(c™*1, d"*1). The term w! is a product of
Stiefel-Whitney classes associated to the partition I = (i1, ...,14) of dimen-
sion of My, ), in formula w! = [1; w", such that W (M) N [Mnmy) = 1.
Such a partition exists by a theorem of Thom [Stol5, p.95].

We already calculated that pry: P(k,1) x M — P(k,l) — BO(2) satisfies

pri(z™y") #0< k <mand [ < n.
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Since m and n are chosen to be maximal in the linear combination of &, we
obtain for the generalised Stiefel-Whitney class of the image of £ under the
assignment, which is given by

|_| P(ka l) X M(k,l)a |_|prgk7l) )
(k)

the formula

<|_| pr(k )> y™) Uw! |_| P(k,1) x My

(k1)
= pri™™ (™™ U w! (P(m, n) X Mpn.m)
= pri™ (™) U ! (M ).

Here, the last equality follows from degree reasons. Indeed, the k-th Stiefel
Whitney class of P(m,n) x My, ) decomposes into

wi(P(m, 1) X M) = 3 wa(P(m, m)) % wg—a(Mn ).

a=0

Since pri™™ (z™y") is of maximal degree in H*(P(m,n)), any summand hav-

ing a factor we(...) with @ > 0 must vanish, and the last equation follows.
But

(P @™y U (M) ) 0[P () x M)
= pr{"" (P(m,n)) N (! (M) O [P(m, 1) X M)
= pri(z™y") N [P(m,n)] = 1,

so the image of £ is not zero by the theorem of Pontrjagin and Thom. There-
fore, the map is injective. Consequently, Q2 (BO(2)) contains more elements
than @, 45—, Ha(BO(2)) ®z, Q5 (pt). Surjectivity can be deduced from the
Atiyah Hirzebruch spectral sequence. For every k > 0, we have

#02(BO(2) = # (D EXor < # D Eip
a+pB=k
:# @ Ha(BO(2)7Qg(pt))
a+pB=k

= # (H.(BO)) €2, 92 (b)) ) < ox.

Now, surjectivity follows from injectivity. O]

This theorem is actually true for any CW-pair (X, A), see [Stol5, p.108ff].
The proof given there uses essentially the same strategy, but it needs more
theory to show that any element in H.(X, A) can be represented by some
element in Q2(X, A). In our case, where the closed cells are submanifolds, we
avoid this problem completely and are able to give an explicit description of
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this isomorphism. Note, that this theorem also applies to RP*> and CP> as
well. Furthermore, this theorem implies that the AHSS for ordinary bordism
has only vanishing higher differentials, meaning d; , = 0 for every r > 2.
Thus, £ = E]iq.

Corollary 2.5.2. The inverse of the map in Theorem 2.5.1 sends F,, to
@(a,ﬁ)el(p,q) H,(BO(2), Q?(PW where I, q) = {(c, B) |a+ B =p+q,a < p}.

Proof. Since unoriented bordism is a Zs-vector space, the corollary follows
from the solution of the extension problem:

Fp,q =Ip14+1D Ez?jz
= I'p-1,¢+1 S E}%,q
= Fyo1.411 @ Hy(BO(2), Q7 (pt)).

The stated formula follows inductively. m



Chapter 3

Calculations of the main results

Having developed the necessary theory, we are in the position to calculate
the Pin~ bordism groups of the classifying spaces BZ,, BSO(2), and BO(2).

The method of our choice will be the Atiyah-Hirzebruch spectral sequence
because this spectral sequence is very close to the homology theory it ap-
proximates, and allows us therefore to find geometric representatives for the
generators of these groups.

The structure of this chapter is fairly simple. We start in the first section
with the easiest case, namely QF™ (BSO(2)). Then we turn our attention
to the calculation of QY™ (BZ,), which will be done in the second section.
Finally, the hardest case, which is the determination of QF'"" (BO(2)), will
be done in the last section of this chapter.

3.1. Calculation of Q'™ (CP>)

Using the Pin™ bordism coefficients listed in Corollary 1.5.2 and the cel-
lular structure of CP>°, we are in the position to calculate the Pin™ bordism
groups of CP*° up to degree 4.

The results of the involved spectral-sequence-calculations are summarised
in the next theorem. Its proof is the aim of this section.

Theorem 3.1.1. For the Pin~ bordism groups of CP> up to degree 4, we
have the following results:

@)
SHy
:
@]
g
8
ol
—+

The group QY™ (CP>,pt) is generated by [CP! incl] and QY™ (CP>,pt)
has [CP' x RP? pr,] as generalor.

Let us start with a (partial) description of the action of [S},.] € Q™ (pt)
on E? . Since the multiplication with [S};] induces an isomorphism from
Q™ (pt) to Q™ (pt), it also induces an isomorphism E>, — E>,. We
know that 0 # [SL. x SL.] € QY™ (pt) is the unique element in Zg of
order 2, see Corollary 1.5.11, so the multiplication with [S},,] give rise to an
injective map E>, — E2,.
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Forgetting the Pin™ structure gives the following homomorphisms on the
coefficient groups

Oy (pt) = QF (pt),
QY (pt) 5 QP (pt),
Q5™ (pt) — Q3 (pt),

which carry over to the spectral sequence

Pin2 =012
.Ep7 % EPO’

Pin Ez EQ

D1

Pin 72 O 2
Ep,2_» Ep,2‘

We have seen that the cellular differentials of the standard cellular chain
complex of CP> are always zero. Thus, E2 = Q"™ (pt) if p is even and
non-negative. Otherwise, the groups vanish. The part of our interest is
presented in Figure 3.1.

40]0]0[0]01]0
30700 ]0]0]0
21Zg| 0 |Zg| 0 |Zg| O
11Zy| 0 |Zy| O |Zo| O
0[Zy| 0 |Zo| 0 |Zy] O

o 1 2 3 4 5

Figure 3.1. The second page Equ for p < 5 and g < 4 of the Atiyah-Hirzebruch
spectral sequence for QY (CP>).

Now, we calculate the non-trivial differentials of our interest. The results
are listed in the next theorem.

Theorem 3.1.2.

di o =0, diy # 0,
d%,l =0, di,l 7’é 0.

Proof. Every differential of the form d3 4 18 zero because its target is space
lies in the column indexed by p = 0. By equivariance, we have

2

2 2
E p,0 Ep 2,q+1
"X [SLIE} L "X [SLIE}
d2
2 p,1 2
Ep71 Ep_2727
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40,070,000
30]0]0[0]0]0
20 Zg | 0 |Zy] O | 710
11Z;) 00,0 01]0
00Z2| 0 Z2| 0] 0|0

o 1 2 3 4 5

Figure 3.2. third page Eziq for p < 5 and g < 4 of the Atiyah-Hirzebruch spectral
sequence of QY (CP™).

and d? | is therefore uniquely determined by d7 . In particular, if df, does
not vanish, so does not dj ;. Having this observation in mind, it remains to
show that di,o is not the zero map. So, let us assume the contrary. Note that
di,o is zero because its target space is, and that di,o is zero because it maps
into the column indexed by p = 0. We conclude that Efy = Ej = Zs. It
follows that forgetting the Pin™ structure induces an isomorphism

Pin™ EZOO — Pin™ EZ,O — OEZ,O — OEZT,OO

So, there exists an element in OF470 \ OF‘g,,l that can be represented by a sin-
gular Pin™ manifold. But we will rule this out using characteristic numbers.

Any element in ©F, o\ ©Fy; is either given by [CP? incl] + [M*, const] or
by [CP?, incl] + [CP! x RP?, pr,] + [M*, const]. Since CP! x RP? is already
a Pin~ manifold, we only have to check that [CP?, incl] + [M*, const] cannot
be represented by a Pin™ manifold.

Identify H*(CP>;Zy) with Zy[z] and H*(CP?;Zy) with Zs[a]/{a?). Using
this notation we get for the general Stiefel-Whitney class

(incl U const)*(x) U (wy — w})(CP* U M*) = incl*(2) U (wy — w})(CP?)
= incl*(z) U wy(CP?)
=a’>#£0.

Poincaré duality implies that the associated generalised Stiefel-Whitney num-
ber is not zero. Therefore, [CP?, incl] 4 [M*, const] cannot be represented by
a singular Pin™ manifold. We derived the desired contradiction, and conclude
di,o # 0. O

The determination of the differentials gives the (partial) result for the
third page listed in Figure 3.2. We conclude qu = kB, for p+q <5.

The extension problem is easily solved. The groups in the zero-column
EgS gives Q™ (pt) € Q)™ (CP>), which always splits off. Therefore, we
deduced the isomorphisms given in Theorem 3.1.1.

Lastly, we have to find generators for the groups. Note that (CP!, incl)
and (CP' x RP?) are singular Pin~ manifolds, which represent non-zero
elements in Q9(CP>) by Theorem 2.5.1. Therefore, those singular Pin~
manifolds cannot be Pin~ boundaries. For algebraic reasons, these elements

must be generators.



70 Chapter 3. Calculations of the main results

3.2. Calculation of Q'™ (RP>)

We turn now to the calculations of the first five Pin™ bordism groups of
RP>. Since these groups sit as split summands in the Pin™ bordism groups
of BO(2), their calculations will be a milestone towards our final goal.

The result of this section are summarised in the following theorem. Its
proof is the contest of this section.

Theorem 3.2.1.

QL™ (RP™,pt) =0,

QY™ (RP™, pt) = Zy, generated by [RP',incl],
OPin™ (RP™, pt) = Z,, generated by [RP?,incl],
ng (RP*°,pt) X Zy ® Zo,

QUn (RP™, pt) 0.

Generators of QX™ (RP>, pt) are [RP3, incl] and [RP' x RP? pr,].

Before we begin with the calculation, let us have a closer look at the
structure of this spectral sequence. First, recall that forgetting the orienta-
tion

FORTGET: Q5P (RP>) — QP (RP>)
induces a map between the corresponding Atiyah-Hirzebruch spectral se-
quences, see Theorem C.0.19. For ¢ € {0,1}, this induced map SP"E? = —
Pin g2 is always injective. For ¢ = 2, the resulting map is injective only
if p is even. This follows from the knowledge of the generators of GEg’q

and the induced map on GE;Vq, which is given under the correspondence
GE;q = CZ‘;’E”(RP‘X’) ® QqG(pt) by

SpinEl Pin™ El
Y20 p,q

l% |

C;ell (RPOO) ® Q§p1n<pt) iId®QFORGET C;e” (RPOO> ® quin, (pt)

We will do the calculation for the most interesting case ¢ = 2 in detail. The
other cases can be treated in the same manner, but are much easier. Recall
that the group SP"E2, = H,(RP>, Q3" (pt)) is generated by

RP? ® [Si; % Siie] € Oy (RP™) © Q7" (pt),

which corresponds to 4 under the identification CS#(RP>) ® Q5™ = Zs.
From the cellular boundary operator, see Theorem 2.2.2, we deduce that
RP? @[St x St is a cellular boundary if and only if p is odd.

Using a similar argument, we see that the Q3P (pt)-action on "™ E2 is
non-zero for ¢ = 0 and therefore injective. For ¢ = 1, this action is non-zero
if and only if p is even.

Furthermore, the homomorphism " E2 — ©E? is surjective for ¢ = 0,
zero for ¢ = 1. For ¢ = 2, it is non-zero if and only if p is odd.
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N W
(@]
o
[a)
(a)
(@]
o

Figure 3.3. The second page Equ for p < 5 and ¢ < 4 of the Atiyah-Hirzebruch
spectral sequence of QY (RP>).

The part of the spectral sequence we are interested in is listed in Figure
3.3, and the differentials we are interested in are listed in the next theorem.

Theorem 3.2.2.

dg,o - d%,l =Y dio 7é 0, dg,o 7é 0,
dg,O - dg),l - 07 dil 7é Oa d?),l =0.

Proof. The differentials d%,o and d;l have their target space in the column
indexed by p = 0, so they have to be zero-maps. From the commutativity of

d2
SpinE?? 0 3,0 SpinE12 )

gl 2 lg

d-
Pin~ 2 3,0 Pin~ 2
30 1,1

and Theorem 1.5.6 we deduce d3, = 0. Using the same argument, we derive
dZy # 0. From Q5P (pt)-equivariance, we get d3; = 0 and dZ; = 0. The
determination of di,o is more complicated. First, observe that any differential
with target space EY 4 has to be zero. Indeed, [RP'xRP? pr,] € OF 5\ Fy 3
is represented by a Pin™ manifold and lies therefore in "™ Fy 5\ """ F 3, too.
So, ET5 must be non-zero. From Efg = Z, follows that every differential
into Ef, must vanish, in particular dj .

Now, assume dio = (. Then the previous discussion implies Zy = Eio =
E5%. Since forgetting the Pin™ structure "™ E? ) — ©EZ | is an isomorphism,
Pt B — OERG is one, too. Therefore, there is an element ©Fyo \ ©Fj
that can be represented by a singular Pin™ manifold. We use characteristic
numbers to rule this out.

By Corollary 2.5.2, any element £ € ©F, ¢\ ©F3; can be written as

£ - [RP?,incl] + [M*, const]
B [RP* incl] + [RP? x RP?, pr,] + [M*, const].
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Identify H*(RP>;Z,) with Zs|x] and H*(RP*;Zy) with Zs[a]/{a®). Hence,
the generalised Stiefel-Whitney class
(wa(RP* U M*) — wi(RP* U M?)) Uincl*z?
= (wa(RP*) — wi(RP*)) U incl*(z?)
= (0 —a?) - a®
=at #0
gives by Poincaré duality a non-zero generalised Stiefel-Whitney number. So,
in the first case, ¢ cannot be represented by a singular Pin™ manifold. In
the second case, set N := RP* URP? x RP? U M*, and identify H*(RP? x
RP?; Zy) with Zy[a, b]/{a®,b) as well as H*(RP*; Z,) with Z[c]/(c?). Then,
the generalised Stiefel-Whitney number
(wa(N) — w1(N)?) U (incl U pry U const)*(z*) N [N]
= (wa(RP*) — wy(RP*)? Uincl*(2*)) N [RPY]
+ ((wa(RP?)?) + w(RP?)?)) Upr;(?)) N [(RP2)
=" NRPY + ((a®*+ ab+b* — (a + b)*) Ud®) N [RP? x RP?|
=c'N[RPY +a*bN[RP? x RP?|
=1+0=1%#0
shows that the second possible description for £ cannot be the boundary of a
singular Pin~ manifold. Consequently, no element in ©F, o\ ©F3; can be hit

by a singular Pin™ manifold, and, therefore, dio must not be the zero map.
From this result we deduce df ; # 0 using Q5P (pt) equivariance. O

The implications for the third page are presented in Figure 3.4.

40]0]0[0]0]0
3070[0]0]0]0
2028 | Zoy | O |Zoy| 7 | 7
11Zy|Zy| 0| 0] 0|7
0 Zg | Zy | Zy| Zy | O

0o 1 2 3 4

Figure 3.4. The third page for p <5 and ¢ < 4 for the Atiyah-Hirzebruch spectral
sequence approximating QP (RP).

: 3 00
From this table, we deduce E; = E>, for p+q < 4 because, for every

(p,q) withp+¢ <4 andr >0, we have d, =0

Let us discuss now the extension problem. One easily reads off
Q" (RP™) & Zy
QU (RP™®) = QP (pt) @ Q™ (RP™, pt) =2 Zy @ Zs
Q" (RP™) = 0.
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The generator of Qf™ (RP>) is just the point. The first summand of
QFin” (RP>) is generated by [SL,.] as we have shown in Corollary 1.5.2,
while the second summand is generated by [RP!, incl] because it generates
B3, = E and lies indeed in ker const, = Q™ (RP', pt).

The extension problem for Q™ (RP) is also not so hard. Since forget-
ting the Pin~ structure gives an isomorphism

o

Pin~ E(lij D Pin~ E:;% _ Pin™ E1272 D Pin™ E§,0 = OEnl)?2 D OE;% — OEnl)?2 D OE??,OO

and this sums are the associated graded module of the corresponding bordism
groups in degree three, it already gives an isomorphism between the bordism
groups
QPin™ (R poo) L2RGEL, O(R pooy = 72,

Thus, generators of QY™ (RP>) are given by [RP' x S}, x Si.,pr;] and
[RP3, incl].

Solving the extension problem of QY™ (RP*>) heavily relies on the next
lemma.

Lemma 3.2.3. The abelian group Q5™ (RP>) can be generated by two ele-
ments.

Before we prove the lemma, let us harvest its consequences. The split
QM (RP>) = Q™ (pt) @ Q™ (RP*, pt) and Lemma 3.2.3 imply that the
relative group QY™ (RP>, pt) must be cyclic. Since the associated graded

module ETG @ E55 contains four elements, the relative group is isomorphic
to Z4. So the theorem is proven if Lemma 3.2.3 is.

Proof of Lemma 3.2.3. We will show that any element in QY™ (RP>) lies
in the span of [RP?, const] and [RP?, incl|.

Note that [S* x St pry] € Q5™ (RP*,pt) generates £}, = Ep9, and it
generates therefore a subgroup of order 2. On the other hand, the element
[RP?, incl]—[RP?, const] € Q5™ (RP>, pt) generates 5% because [RP?, incl]
does it. By Theorem 1.3.7, we get

[RP? incl] — [RP?, const] = [RP?#R P2, incl#const]
- [K7 f]?
where K is the Klein bottle.
Note that [K, f] lies in Fy\ Fy 1, but [S* xS}, pry] does not. We conclude

(ST X Stie, pry) + [K, f] =[S x Sy, # K, pri#f] # 0.
But, by the classification theorem for closed surfaces, we know that
St x SL#K ~ S' x S} #RP*#RP?
~ RP})#RPiy #R PG #REP),

where ]RP(QJ.) refers to a real projective plane with some appropriate chosen

Pin™ structure. Let ¢ denote the composition of these two Pin™ structure
preserving diffeomorphism and set g := (pr;#f) o ¢. Hence,

[Sl X Sﬁie; pry| + [K, f] = [RP(%)#RP(%)#RP(%)#RP(%Q,g]-
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It was shown in Example 1.3.9 that every Pin™ structure on a connected sum
of real projective planes can be obtained from the connected sum procedure
by choosing appropriate Pin™ structures on the summands. It remains to
show that every map g: #*RP? — RP> can be homotopied into # f;, where
f; is either homotopic to the constant map or the inclusion. Since RP*> =
K(Zs,1), the representability theorem states that

(X, RP>] — H'(X,Z5)
[f] = H'(f)(z)

is bijection [DKO01, Theorem 7.22|, which is natural with respect to continuous
maps. Thus, we can prove this statement using cohomology. Indeed, from the
Mayer-Vietoris sequence we get a diagram of isomorphic cohomology groups
in mod 2 coefficients

HY( ?:1RP2)
Nl@incl*

H'(RP*\ D*) & @], H'(RP*\ (DU D) @ H'(RP*\ D?)

J

= T ®incl*

B, H'(RP?),

The naturality of the bijection now implies that the sets [#7_RP? RP>]
and [| |7_, RP? RP*] have the same number of elements. Since any element
in HY(RP?*\D*)@... HY(RP?\ D?) is given by some @incl*#(f;), we deduce
from bijectivity that these map build the whole set [RP?, RP>]. Moreover,
two sums #;f; and #f7 are homotopic if and only all their summands f;,
f7 are homotopic.

Consequently, the element [S* x Sl. # K, pr,#f] lies in the subgroup of
QYin” (RP>) generated by [RP?, incl] and [RP? const]. Therefore, every ele-

ment does. O]
Corollary 3.2.4. QY™ (RP> pt) is cyclic.
Proof. If we assume the contrary, then the set

A (RP) = Q5 (pt) © A (RP, pt)

must have at least three generators; this contradicts the previous lemma. [J
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3.3. Calculation of Q'™ (BO(2)) in low degrees

We are heading to the main results of this thesis, namely the determina-
tion of ™ (BO(2)) for p < 4.
Recall that we have a CP>-fibre bundle structure

CP*—‘ > BO(2) — = RP>

on BO(2) and that the section o gives a splitting
T, ® (id — o, om,): QV™ (BO(2)) = QP (RP™) @ ker 7,.

We made a huge step towards this goal by determining the split summand
Q)™ (RP>) € ™ (BO(2)). With the help of the splitting property of the
Atiyah-Hirzebruch spectral sequence, see Theorem C.0.21, we will calculate
the other summand ker 7,. The next theorem summarises the results we are
going to achieve.

Theorem 3.3.1. For the kernel groups we have the following results:

ker mg = 0,
kerm = 0,
ker my = Zo,
ker w3 = Zo,

ker7r4 = Z2 D ZQ,

where [P(1,0),incl] generates ker mo, [P(1,1),incl] generates ker w3, and the
singular manifolds [P(1,2),incl] and [P(1,0) x P(0,2),pr,] form a basis of
ker my.

As in the sections before, we will prove this theorem with the help of the
Atiyah-Hirzebruch spectral sequence. By Lemma 2.2.5 and Example 2.2.4,
its second page

B2, =ker (m,: Hy(BO(2), Q8™ (pt)) — H,(RP*, QI (pt)))

is partially described by Figure 3.5. Next, we list the differentials we are
interested in.

Theorem 3.3.2.
1..dy =0 for every r > 2 and p < 3.
2. dby A0,
3. Bvery differential with target Ej, vanishes for every r > 2.
4. d3o #0.

From this theorem we deduce the result for the third page of the spectral
sequence listed in Figure 3.6.
Since dg,o has E2372 as target space, we conclude from the previous theorem

that it must be zero. Therefore, we get E;’,q =Ex ifp+qg<4
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440/0/0/0]0]0
30/ 0/0[0]0]0
200 |0 |Zy| 2| J |72
10 |0 |2 |2y | 73| 22
00 0|0 2|2y |73 72
0 I 2 3 4 5

Figure 3.5. The second page E,qu for p < 5 and g < 4 of the Atiyah-Hirzebruch
spectral sequence for the kernel of QY™ (7). Here, J = Zo @ Zs.

20010 [ Zo| 7 | 7|7

10,0100} 77

0l 0| 0 |Zy|Zo | Zy | Zsy
0o 1 2 3 4 5

Figure 3.6. The third page qu for p < 5 and ¢ < 4 of the Atiyah-Hirzebruch

spectral sequence for the kernel of QP (7).

Before we prove the theorem, let us consider the extension problem be-
cause it can be done rather easily. Forgetting the Pin~ structure gives a
monomorphism

H, <BO(2), Qbin” (pt)) — H, (BO(2), 20 (pt))

if g=0orif g=p=2. The case ¢ = 0 follows from the fact that forgetting
the Pin™ structure gives an isomorphism between the zero coefficient groups.
For the case p = ¢ = 2, observe that both homology groups are generated by
P(1,0) ® [RP?].

Thus, forgetting the Pin™ structure gives an monomorphism

D ™ B — D retm e D OE
k=p+q k=p+q k=p+q

for k < 4 because ker ©7>° = ker ©72 . Therefore, it also induces a mono-
morphism between the kernels

Q" (BO(2)) D ker "™ 7, — ker 1, € QP (BO(2)).

Since the right-hand-side is a Zs-vector space, the left-hand-side must be
one, too. Consequently, ker 7, isomorphic to Zy @ Zs instead of Z,, and the
extension problem is solved.

Calculations of the differentials

We turn now to the verification of Theorem 3.3.2. This will be done by
a sequence of lemmas.
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Lemma 3.3.3. For every r > 2 and p < 3, we have d;jq =0.

Proof. The target space of d;, ,is Ej . .., =0. O

Lemma 3.3.4. Every differential with target space Ej o vanishes.
Proof. The element [P(1,0) x RP? pry| € """ Fy 5 C Q)" (BO(2)) satisfies
74 ([P(1,0) x RP? pr,y]) = [P(1,0) x RP? 7 o pr,)

= [P(1,0) x RP?, const]

=0¢€ Q™ (pt),
so it lies indeed in kermy. Since [P(1,0) x RP? pry| lies in OFy5 \ OF 3,
[P(1,0)xRP?, pry] liesin " Fy 5\"™ F} 3. From this we deduce E5% # 0. By
Lemma 3.3.3, the differentials dj, with r > 2 vanish. So, Ej, surjects onto
E35 for every r > 2. Now, if there would be a non trivial differential mapping

into Ej,, then Eg;l = 0, and therefore £55 = 0. But this contradicts the
previous observation. O

Corollary 3.3.5. dj, =0 and d3, = 0.
Lemma 3.3.6. dj, # 0.
Proof. Let {cp=~FE, ,} be the Atiyah-Hirzebruch spectral sequence associated
to QP (CP*>). The inclusion
CpP>———— BO(2)

induces a map on spectral sequences

™

E p,q E
CP>tpgq P.q

because 7o ¢ = const. The map induces an inclusion if r = 2 and ¢ € {0, 1}.
Therefore, we conclude from the commutativity of the diagram

14,0

2 2
CP> E4,0( E4,0
dz,ol;ao jdz,o

~ 2 ¢ > 2 o~
Ly = <CP°°E2,1 12,1 E2,1 = 1y

that the right differential is also non-zero. O]
Lemma 3.3.7. dZ, # 0.

Proof. First, note that Egy = EZ/kerdZ . Thus, if dZ, = 0, the isomorph-
ism B2, — kerm?, C ©EZ, would induce an isomorphism EZ% — ker 725 =
kermZ, C ©FEZ,. So, there would be an element X, f] in [P(2,1),incl] +
im [incl,: Q5(BO(2)W) — QF (BO(2))] that can be represented by a singular
Pin~ manifold and lies in the kernel of ©7s.

By applying id — (0 o 7). to the generators of Qf(BO(2)) described in
Theorem 2.5.1, we conclude that [X f] is either represented by

[P(2,1),incl] — [P(2,1),0 0 7]
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or

[P(2,1),incl] — [P(2,1),0 o 7] + [P(1,1) x RP? incl o pr]
— [P(1,1) x RP*,comopry].

Under the identification H*(BO(2);Zs) = Zs[x,y], we will verify that
[X, f] satisfies in both cases

(w2 —w))(X)U f*(z-y) N[X] =1,

which gives a contradiction. To this end, observe that (g o 7)*(x -y) = 0
because the homomorphism factors through H3(RP') = 0. Since the gener-
alised Stiefel-Whitney numbers are additive under disjoint unions, the stated
equation will follow from the next two calculations. Identify H*(P(2,1);Zs)
with Zsle,d]/{c®, d*) and H*(P(1,1) x RP?) with Zs[c,d,a]/(c?, d* a*) as
described in Theorem 2.3.1. Then we get

(w2 —w )(P(2>1))Umc1*(a: y) N[P(2,1)]
(c—d*)Uc-d)n
¢ -d)n ([P(2, 1)]) 1

and

( P(1,1) x RP?) U incl*(x - y)) [P(1,1) x RP?|
:(d a+a*—d>—a’)Uc-d)N[P(1,1) x RP?|
= (a-c-d*)N[P(1,1) x RP* =0N[P(1,1) x RP?] = 0.

Even better, the proof shows that [P(2,1),incl] € EZ, does not lie in the
kernel of dZ . O

Remark 3.3.8. The same argument shows that an arbitrary element [ X, f] in
[P(1,3),incl] + im [incls: Q2(BO(2)W) — Q2 (BO(2))], that also lies in the
kernel of ©75, cannot be represented by a singular Pin~ manifold. Indeed,

(w2 —wi) Uinel*(z - y)) N [P(1,3)] = ((0+d*) Uc-d) N [P(1,3)] =1,
and, therefore, any [X, f] yields
((wo —w?)(X)U f*(z-y)) N[X] = L.

Consequently, [P(1,3),incl] € EZ, does not lie in ker dZ ;. The same is true
for [P(2,1),incl] € EZ,. By a dimension count we conclude

Zy = kerd; , = spang, {[P(1,3),incl] + [P(2,1),incl]} C EZ,.

Finally, we determine the generators of the kernel ker 7,. It suffices to find
enough generators in ker m; that carry a Pin™ structure and do not represent
the zero element in Q9(BO(2)). Note that all singular Pin~ manifolds listed
in Theorem 3.3.1 are non-zero in Q2(BO(2)) by Theorem 2.5.1 and that they
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carry a Pin™ structure as one can easily calculate using Theorem 1.2.10 com-
bined with Theorem 2.4.1. The two four-dimensional singular Pin™ manifolds
obviously lie in the kernel of 74 because Q)™ (RP>) = 0.
Since P(1,0) = CP! = S? has D3 as Pin~ boundary, we get
mo([P(1,0),incl]) = [P(1,0), 7 o incl]
= [P(1,0), const]
=0¢€ Q™ (pt) C Q™ (RP™).
To detect [P(1,1),incl] as generator for ker s, we use the knowledge of
Q" from the previous section.

Lemma 3.3.9. 753([P(1,1),incl]) = [P(1,1),7] = 0.

Proof. Since the image of woincl: P(1,1) — RP* lies in RP!, the object of
our interest must be zero or [RP!xRP? pr;]. However, since wo(P(1,1)) = 0,
we get

(" (z) Uwa(P(1,1))) N[P(L,1)] = 0,
while
(pri(z) Uws(RP' x RP?)) N[RP' x RP?] = (aUb*) N [RP' x RP?] = 1.

Here, = denotes the generator of H*(RP>;Zy) = Zs[x] and a, b the generators
of H*(RP! x RP?;Zy) = Zs[a,b]/{a?,b®). Therefore these two singular Pin~
manifolds cannot be bordant to each other and [P(1, 1), 7] must be zero. [

Now, Theorem 3.2.1, Theorem 3.3.1, and Corollary 1.5.2 imply the solu-
tion of the motivating question of this thesis.

Theorem 3.3.10 (Main-Theorem). The first five Pin~ bordism groups
of BO(2) are given by

The generators are listed in the Theorems mentioned above.







Appendix A

Bundles and Classifying Spaces

We recall briefly basic facts about principal bundles and their classifying
spaces. A nice introductions to principal G-bundles can be found in [tDO0S|
and the appendix of [LM89).

A.1. Basic bundle theory

This section is a brief summary of Appendix C of [LM89|. No originality
is claimed here.

Definition A.1.1. Let G be a topological group. A tuple (P, B, m; R) con-
sisting of a continuous map 7: P — B between two topological spaces P and
B and a continuous right action 7: P x G — P is called a principal G-bundle
if the following conditions are satisfied:
1. The right action preserves the fibres: For all p € P and g € G we have
m(r(z,9)) = 7(p).
2. There is an open cover {U, }4ca of B and equivariant homeomorphisms
®, satistying
o

71 (U,) = U, x G
\ %
U,.

The action on U, x G is given by ((z,g),h) — (z,gh). An open subset
U, as in 2. is called a trivialisation domain.

Definition A.1.2. A morphism between two principal G-bundles P; LEN B;
is a continuous map F': P — P’ that is equivariant with respect to the right
actions of the bundles.

Two principal G-bundles P, P’ over the same base space are called equi-
valent if there exists a morphism between them that induces the identity on
the base space.

Definition A.1.3 (Cocycle). Let B a topological space and {U,}aca be an
open cover of B. A I-cocycle, or simply cocycle, {gns} is a familiy of con-
tinuous functions g,5: Uss = U, N Us — G satisfying the cocycle condition:

9ap9ByGrya = 1 Va, 8,7 € A,
Gaa = 1 Ya € A.

Analogously, a 0-cocycle {g,} is a family of continuous function g,: Uy, — G
such that gag/g1 =1on U,g for every o, 5 € A.
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Definition A.1.4 (non-commutative Cech cohomology). Two cocycles {gas}
and {g,5} on an open cover U are equivalent if there is a family of continuous
functions g, : U, — G such that

g:xﬂ = gglgaﬁggfor alla, 5.

We define H*(U, G) to be the set of equivalence classes of cocylces on U. If
V is a refinement of U/, that means for every V € V there is an Uy € U with
V' C Uy, then the restriction to the smaller subsets gives a well-defined map
rvu: HY(U;G) — HY(V;G) satisfying ryy = rwy o ryy. Therefore we can
define

HY(B;G) := lim HY(U;G).

Analogously, we define H°(U; G) to be set of all 0-cocylces and
H(B;G) = lim H(U; Q).
—

Note that for every open cover U the set H°(U; G) is nothing but the set
of continuous functions from B to G and so is H(B; G), too. If G is abelian,
then those groups agree with the usual Cech cohomolgy.

Theorem A.1.5. There is a one-to-one correspondence between the iso-
morphism classes of principal G-bundles over the space B and elements in

Hl(B; G). This correspondence is natural with respect to continuous maps
f:C— B.

Theorem A.1.6 (long exact Hirzebruch sequence). Let B be paracompact.
A short exact sequence of topological groups

l— s K—sqgde Kk

with a local section over some neighbourhood of the unit 1y induces a long
exact sequence

0—— H°(B; K) —°~ H(B; G) —°~ H(B; H) ~2~ ...

% {7Y(B; K) -2~ HY(B; G) -~ H(B; H)
of pointed sets. This sequence is natural with respect to continuous maps. If
K is central in G, then this sequence can be extended to

.. ——= IY(B,G) -2~ AY(B; H) -~ H*(B; K).

Proof. We only give the definition of the connecting homomorphisms ¢° and
6! and verify the exactness at H'(B; H) in the case that K is central in G.

Set 0°({ha}) = {kas}, where k,p is defined as follows: Use the local
section around the 1y to lift {h,} to a family of continuous function {g,}.
Since, by definition, h,, - hgl|Uaﬁ = 1, we conclude goggg1 =: kop takes values
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in K = kerj. Obviously, {k.s} is a 1—cocycle. Observe that different lifts
give equivalent cocycles.
Analogously, we define

0 ({has}) = {9as98797a} = {wapy},

where g5 is a lift of h,s. The map does not depend on the choice of the
representative because of

5" ({he " haphs}) = {92 9as9595  9529+95  Grala}

= {g;l YaB9Bv9Gva Ja} = 51({ha5})'
cK

Neither it depends on the choice of the lifts because they only differ by a
coboundary as the following calculation shows:

{gaﬂgﬁvg'ya} = {gaﬁkaﬂgﬂ'ykﬂvg'yakwa}
= {90898+ Grakaskpsykyat-

Now, ' o j; is the constant map with value {1}, so imj; C kerd'. For
the converse, let us assume that §'({h,3}) is cohomologous to {1}. This is
equivalent to

9ap9prGra = Kapkpykya-

Then {Gag} = {9gapksa} is another lift of {h,s} which happens to be a cocylce
as the previous calculation shows. O

A.2. Numerable bundles

The source of this section is chapter 13 and chapter 14.3 of [tDO0S|.

Definition A.2.1. Let B be a topological space. A covering {Ug}aca is
called numerable if there is a locally finite partition of unity (¢,)aeca with
supp(ty) C U,.

A principal G-bundle is called numerable if it has a numerable covering
of trivialisation domains.

Lemma A.2.2. Let P = B be a numerable bundle and f: Y — X be
continuous. Then f*P is a numerable bundle over Y.

Theorem A.2.3. Every open cover of a paracompact space is numerable.

Theorem A.2.4. Let P 5 B x [0,1] be a numerable principal G-bundle.
Then there exists an equivariant map R: P — P over r: B x [0,1] — B X
[0,1], (b,t) = (b, 1) which is the identity on P|px1 and (R,r) is a pullback.

Corollary A.2.5. Let P 5 C be a numerable principal G-bundle. Further-

more, let f,g: B — C' be two homotopic maps. Then f*P is isomorphic to
g P.
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A.3. Classifying spaces

The source for this section is chapter 14.4 of [tD08| unless stated other-
wise.

Definition A.3.1 (classifying space). Let G be a topological group and
B(B;G) be the set of equivalence classes of numerable principal G-bundles
over the topological space B. A topological space BG is called classifying
space (of G) if there is a numerable bundle EG — BG such that for every
topological space B the assignment

[B; BG] — B(B; G)
[f] = [EG

is a bijection. The principal G-bundle EG is called universal.

Theorem A.3.2. Any topological group has a classifying space BG and it is
unique up to homotopy equivalence.

Sketch of proof. Existence of the universal principal G-bundle follows from
Milnor’s join construction [Mil56]

EG=GxGxGx*...,

and therefore BG = EG/G exists. Uniqueness follows from general nonsense.
O

Remark A.3.3. If G is a countable CW-group, i.e. a CW-complex with cellular
group multiplication and cellular inversion, the join construction, endowed
with the weak topology (quotient topology) instead of the Milnor topology,
becomes a CW-complex. Milnor showed in his article [Mil56] that this join
is still a universal principal G-bundle. The classifying space BG = EG/G
inherits a cell structure, too. This observation is quite useful, because the
orthogonal groups O(n) are cellular groups. A cell structure on SO(n) making
the multiplication and inversion cellular is described in Section 3.D in [Hat02].
It is easy to show that the conjugation with the reflection at the hyperplane
orthogonal to e; = (1,0...) is also cellular. Thus, O(n) = SO(n) x Z, is also
a cellular group, and so are Pin*(n), Spin(n).

Proposition A.3.4. The assignment G — BG 1is functorial.

Theorem A.3.5. A principal G-bundle P — B is universal if and only if
the total space P 1is contractible.

Ezample A.3.6. A model for BO(1) = BZ, is given by RP>. Indeed, we
have a two-sheeted covering

Ly — S —=RP>

and since S°° is contractible, conclude from Theorem A.3.5 that S is a
universal principal Zs-bundle. Thus RP* is a classifying space.
Analogously, the S! fibre bundle structure

Sl Szoo+1 CPOO
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identifies CP> as BS' = BU(1). More generally, we have

BO(n) = Grg(n,00) = lim Grg(n,N),

N—o00
BU(n) = Gre(n,00) = lim Gre(n, N).

N—oo

Note that the Grassmannians are CW-complexes. A cell decomposition is
given by the Schubert cells, see [Mil74, p.74ff] for more details.

Theorem A.3.7. Let G be a topological group, H C G a subgroup and
N C G a normal subgroup. Then there are models for the classifying space
such that the maps

G/H¢ BH —2-~ BG,

BN BG £%- B(G/N)

are fibre bundles.

We address the question for which groups G a classifying space BG is
of the homotopy type of a CW-complex. As we have seen above, Milnor
proved in [Mil56] that a classifying space possesses a CW-structure if the
topological group G is a countable CW group, i.e., there is CW-structure on
G with countably many cells such that the map (x,y) — x 71y is cellular.
Although it seems likely that matrix groups have such a cell decomposition,
a strict verification should be quite cumbersome.

Theorem A.3.8. Let G be a matriz group or a covering of a matrixz group
with countable fibre. Then BG is of the homotopy type of a CW-complex.

Proof. Firstly, we may assume that G is compact because it classifying space
is homotopic to the classifying space of its maximal compact subgroup [tDO08,
p.348].

Let G be a compact matrix group. Since O(n) is the maximal subgroup
of GL(n), by definition, G C O(n) must be a subgroup. So from Theorem
A.3.7 we have a fibre bundle structure

O(n)/G BG -2~ BO(n) = Grg(n, o) .

Since a fibre bundle over a paracompact space is a fibration, see [tD08,
Thm.13.4.3], O(n)/G as a manifold is of the homotopy type of a CW-complex,
see [FP90, Cor.5.2.4|, and Grg(n,o0) is a path connected CW-complex, we
conclude from Theorem 5.4.2 in [FP90| that BG is of the homotopy type of
a CW-complex.

A covering p: G — H C O(n) gives a short exact sequence

1 ker pS G—~H 1

with discrete kernel. Clearly, every countable discrete group has a count-
able CW-structure consisting of O-cells only. Therefore, any map is cellu-
lar and, by Theorem 5.2 of [Mil56], B(kerp) is homotopy equivalent to a
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CW-complex. By the previous discussion, BH is homotopy equivalent to
a CW-complex. Pull back this fibre bundle with the homotopy equival-
ence to obtain a B ker p-fibre bundle over a CW-complex which is homotopy
equivalent to BG. Therefore, we might assume that BH is a CW-complex
in the first place and since any CW-complex is paracompact, we see that
Bp: BG — BH is a fibration having CW-complexes as base and fibres.
Now, we apply Theorem 5.4.2 in [FP90| to conclude that BG is homotopy
equivalent to a CW-complex. O

A.4. Reductions of principal bundles

Definition A.4.1. Let \: H — G be a homomorphism of topological groups
and P — B be a principal G-bundle. A (H,\)-reduction of P, or simply
H-reduction, if it is clear which homomorphism is used, is a principal H-bundle
@ — B, together with an equivariant map p: ¢ — P covering the identity
on B.

Two (H, A)-reductions p;: @); — P are called equivalent if there is an
equivariant map 6 such that the following diagram

0
Q1 —= Q2
lpl lpz
p—.p
commutes.

Theorem A.4.2. Let P — B be a principal G-bundle. Then the following
assertions are equivalent:
1. There exists a (H, \)-reduction for P.
2. There is a principal H-bundle Q) such that P = Q X ) G.
3. There is a H-valued cocylce {h,B} such that P is represented by the
cocycle {\(hap)}-
4. In the case that X is an inclusion of a subgroup there exists a continuous
equivariant map f: P — G/H such that Q = f~'(go/H), for some go €
G.
If P is additionally numerable, then the assertions are equivalent to:
5. The diagram

B Ba

N

BH

commutes upto homotopy.

Proof. For the equivalence of the first four statements see [Baul4|. Observe
that condition 5 is equivalent to condition 2. Indeed, if 4 holds, then

P2 [LEG = (BXo fo) EG = [}, (BN"EG)
= [ (BH X G) = [oEH Xy G
= Q XH,)\ G.
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Conversely, if P = Q xpg\G = foEH Xz G, then the pullback of BAo fq
and fp give isomorphic principal bundles, and fp and fg o BA must be
therefore homotopic. O






Appendix B
Bordism theories

Definition B.0.1 (stable structures). Let G = {G,, ¢, pn} be a sequence
of topological groups together with continuous homomorphisms ¢,,: G, —
Gpy1 and py,: Gy, — O(n) satistying

$n
Gn Gn+1
Pn Lpn+1

O(n)~——=0(n+1).

The last morphism is just given by the canonical inclusion

A0
A
We call this sequence a stable G structure.
A stable G structure on a principal O(n)-bundle P is a sequence of prin-
cipal G,,-bundles over the same base space M and equivariant maps over id,,

making the following diagram

Qn e Qn+k Qn—l—k—H

| | |

P . =P X0(n) O(n—i—k);)P X0(n) O(n—i—k—l—l)c—)...

commutative. Note that all maps in the diagram are part of the structure.
Equivalently, one can define stable G structures using classifying spaces as
it is done in [Stol5] in an even more general setting.

Two stable structures G, G’ are equivalent if there is a m € N and a
sequence of equivariant maps 60,,: ), — @, starting at m that commutes
with all maps in the definition of a stable structure and covers the identity
of the standard orthonormal stable structure ... P Xg@n) O(m +n — 1) —
PXo(m) O(m+n)

Ezample B.0.2. In Lemma 1.2.15, we have shown that possessing a Pin®
structure is a stable property. The sequence Pin® is given by

Pin®(n) — Pin™(n + 1)

b A

O(n)——=0(n+1).
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If p: Q — P is a Pin™ on P, then the corresponding stable Pin® structure is
given by

o —= Q Xpit(y PInT(n+ k) —= Q Xpyty PinT(n+ k+1) — ...

lpx)\ LpX/\

P Xo@m) O(n + k) ——=P Xom O(n + k +1)——....

The next definition is taken from [DKO01, p.216]. However, nice references
are also [Swi02, p.226] and [Stol5].

Definition B.0.3 (G bordism groups). The n-th G bordism group of a to-
pological space X is the set of G bordism classes of closed singular manifolds
f: M — X of dimension n that possesses a stable G structure on their
normal bundles. The addition is given by disjoint union.

More generally, the n-th G bordism group Q9 (X, A) of a pair (X, A) is
the equivalence classes of singular n-dimensional manifolds f: (M,0M) —
(X, A) with a stable G structure on its normal bundle. Two singular man-
ifolds (M;, f;) are considered to be equivalent if there is a singular bordism
(U, f) with a stable G structure on its normal bundle such that the closed
singular manifold (MoUgaz, UUgar, My, foUfUf1), obtained by proper bound-
ary identifications, possesses a stable G structure on its normal bundle and
is G bordant to the empty set. Again, the addition is given by disjoint union.

Remark B.0.4. Although we have used embeddings to define a bordism class,
this class is independent of the used embedding. Indeed, let ¢, ¢1 be two em-
beddings of a compact manifold M into some sufficiently high-dimensional
euclidean space with non-intersecting images. We denote by (M, G,,) and
(M, G,,) the manifold M with a chosen G structure on the bundle induced
by the embeddings. Two embeddings are ambient-isotopic if the target space
is sufficiently high-dimensional (cf. [Swi02, Theorem 12.14]) by an ambi-
ent isotopy H. This isotopy gives an isomorphism of normal bundles and
we can use this isomorphism to pull back the chosen G, structure to the
stable normal bundle v(iy). If this structure is equivalent to G, the bordism
classes generated by M, G,, and M, G,, will be equal. For a more detailed
explanation, the reader is reffered to chapter II of [Stol5].

The next theorem relates the very geometric definition to homotopy the-
ory. Excellent references for the proof are [Swi02, p.230|, |DKO01, p.221ff],
[Sto15]. A nice treatment of the special cases G = O, SO can be found in
[Hir12] and [tDO08].

Theorem B.0.5 (Pontrjagin-Thom). The Pontrjagin-Thom construction
gives an isomorphism

Q% (X, A) = Jim (MG A X JAL)
—00

Several bordism theories have been studied quite successfully. However,
in this appendix we summarise the needed information for ordinary bordism

(G = 0O), oriented bordism (G = SO), and Spin bordism G = Spin.
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B.1. Unoriented bordism

Theorem B.1.1. [Dol56, Satz 3| The set Q2(pt) = D,,-, 2 (pt) together
with disjoint union and Cartesian product forms a graded commutative al-
gebra over the field Zs.

As an algebra,

Q0 = Zy[{x;|j # 2" — 1 for k € N},
where x; = [RPY), if j is even, and x; = [P(2" — 1,s2")] if j is odd.
Ezample B.1.2.

(0 |1]2]3]4]5]6]7
QQ(pt) = | Zy [ 0] Zo | 0| Z3 | Zy | 23 | Zo |

Theorem B.1.3. [Stol5, p.108| The generalised Hurewicz map

QO(X,A) = H,(X, A; Zy),
[M,0M, F| — F,[M,0M],

which sends a bordism class of a singular manifold to the image of its funda-
mental class, is an epimorphism.

Theorem B.1.4. [Stol5, p.107ff] For every CW-pair (X, A), the unoriented
bordism group Q0 (X, A) is -a free QO (pt) module, and there is a isomorphism
of graded QF (pt)-modules

Q?(Xv A) = H*(X7 A) ®Zz Q?(pt)

Moreover, two elements [M;, OM;, f;] in Q9 (X, A) agree if and only if all
generalised Stiefel-Whitney numbers

agree. Here, v € H*+' (X, A; Zs) is chosen such that iy+---+ip,1 = dim M.

B.2. Oriented bordism

Theorem B.2.1. The set Q5°(pt) together with disjoint union and Cartesian
product forms a graded commutative ring.
Theorem B.2.2. [tD08, Theorem 21.4.2] The generalised Hurewicz map ex-
tends to an isomorphism of rings

23°(pt) ® Q = H.(BSO; Q) = Qly].
The generators are given [CP%]. The product on the left-hand side is induced

by the Cartesian products of the representatives.

Ezample B.2.3. |[Mil74, p.203]
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Theorem B.2.4. [Wal60| Oriented bordism is completely characterised by
the Pontrjagin number and the Stiefel-Whitney numbers. More precisely,
[M] =0 € Q39 if and only if all Stiefel-Whitney numbers and all Pontrjagin
numbers vanish.

Theorem B.2.5. [tD08, p.527| The generalised Hurewicz map

Q50X A) — H, (X, A7),
[M,0M, F] s F,[M,0M],

which sends a bordism class of a singular manifold to the image of its fun-
damental class is a well-defined homomorphism; it is neither injective nor
surjective.

B.3. Spin bordism

Theorem B.3.1. The Spin bordism coefficient group Q5P (pt) together with
disjoint union and Cartesian product forms a ring.

Ezample B.3.2. [Mil63]

The group prin(pt) is generated by [S};], the circle with the ’bad’ Spin
structure, Q57" (pt) is generated by S x Si.. and Q5P™(pt) is generated by
the Kummer surface.

Theorem B.3.3. [ABP67| A class [M] € Q5P (pt) is uniquely determined by
its Stiefel- Whitney numbers and its KO-Pontrjagin numbers. More precisely,
[M] = 0 if and only if all Stiefel-Whitney numbers and all KO-Pontrjagin
classes vanish.



Appendix C
Spectral Sequences

Definition C.0.1 (spectral sequence). [McCO01, p.28ff] Let R be a commut-
ative ring with unit. A spectral sequence of homological type is a sequence of
bigraded chain complexes (£} ,,d") of R-modules, where the differentials are

of bidegree (—r,r — 1), and for every p,q € Z and r € N the groups E;fgl
and H, ,(E7,,d") are isomorphic.

*,% )

Definition C.0.2. A spectral sequence is a first quadrant spectral sequence
if, for every r € N, we have EJ =0 as long as p <0 or ¢ <0.

Definition C.0.3 (morphism of spectral sequence). [McCO01, p.65]

A morphism of spectral sequences is a sequence of bigraded chain maps
[ By, — B, of bidegree (0,0) such that for every p,q € Z and r € N, the
identity H,q(f") = fy+' holds.

Definition C.0.4 (filtration). [DKO01, Definition 9.2] A filtration of a graded
module M, is an increasing sequence (F),ez of submodules of M,. It is said
to be grading-preserving, if for each ¢ € Z the intersections F, , :== F,N M,
form a filtration of M,,,. A filtration is convergent if the intersection of all
F), is 0 and the union is the whole module M,.

Definition C.0.5 (convergence of spectral sequence). [DKO01, Definition 9.5]
Let M, be a graded module. A spectral sequence converges to M, if the
following conditions are satisfied:
1. For every p, q € Z, there exists an rq such that d;, , = 0 for every r > 7.
(This implies that E} , surjects onto E;fql for every r > rq.)
2. The graded module M, possesses a convergent, grading-preserving fil-
tration which satisfies F}, ,/F,_1 4+1 = colim F .

One often writes Ef,’q = M, , to denote convergence.

Remark C.0.6. First quadrant spectral sequences always satisfy the first con-
dition of the convergence requirements. Indeed, for every r > max{p, ¢}, we
have d; . = 0 because its target space is 0, and d, ., ., = 0 because its
domain is 0. This implies £} =E*! for every r > max{p, ¢}.

Definition C.0.7. [McCO01, p.17ff] Let I'* be a graded algebra over R. We
say that I'* acts on a spectral sequence if the following condition are satisfied:
1. I'* acts on the graded module EI ..
2. Every differential is [*-linear.
3. The I'* action on E,fj;l is induced through homology from the action of
[ on EL,.
We call such a spectral sequence a spectral sequence of I'-modules.
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Let M, be a I'"-module. We say that a spectral sequence of I'*-modules
converges to M, as I'*-modules if it converges to M, and, additionally, the
chosen filtration is I'*-invariant and the induced action on every F,, ,/F,_1 4+1
agrees with the induced action on mr E

We will construct a spectral sequence approximating a homology theory
of a CW-complex. There are several approaches, we will follow the version
covered in [Swi02|, where all the proofs can be found if they are not given
here. In what follows, X denotes a filtered topological space with filtration
(X?)4ez with X7 = 0 if ¢ < 0 and h, a generalised unreduced homology
theory satisfying the axiom of disjoint union, like bordism theories.

Definition C.0.8. Let 7 and j be inclusions and A be the boundary operator
for the homology theory h,. We define

= im[j.: hpyg(XP, XP7") — hp+q(Xp,Xp_1)],
;q lm[ . hp+q+1 (Xp+7‘*1’ Xp) — h,p+q(Xp, prl)]’
ZOO = imlj,: hp+q<Xp) — hp+q<Xanp_1)]7
BOO lm[ . hp+q+1(X, Xp) — hp+q(Xp, prl)}’

Fpq = 1mlis: hypiq(XP) = hyig(X)].

Proposition C.0.9. For fived p and q, the groups By ., Z; ., ByS, and Z35

P,q’ P,q’ P9’
are subgroups of hy.,(XP, XP~1) and satisfy the following inclusion relations:

0=B ,C---CB CBC...CBYCz*C...CzttCz C..
. C 7, = hpg(XP,XPT),

Definition C.0.10. For r € NU {oc} define E] =77 /B]

Lemma C.0.11. The morphisms j,: hp+q(Xp,Xp_") — hp+q(Xp, XP=1) and

A hyf(XPXPTT) — g1 (XP77, XP71) induce an isomorphism

Z;; /ZT+1 = Br+rq+r 1/

p=rgtr—1
. A —
vig Ao g .

Definition C.0.12. We define the differentials dj , as the composition in the
diagram

r+1 r+1 C r r
/ /Z B —r,q+r— 1/ p—r,q+r+1 prr,q+r71/Bp7r,q+rfl
d’l‘
r P,q r
Ep,q Ep mq+r—1°

Proposition C.0.13.

1. kerdr = Zrt/Br candimdl =By L /BL
2. (Ej:*, d””) s a bigraded chain complex for every r € N.
3. ETJrl ~ H(ET,,d").

*,%k )
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Proposition C.0.14. The subgroups F,, form a convergent filtration for
hpiq(X). Moreover, there is a natural isomorphism

~J (o]
Fp,q/Fp—l-q+1 - Ep,q

induced by i, o j; b, where iy: hyio(XP) = hpro(X) and jo: hpio(XP) —
Byt q(XP, XP71).

Proposition C.0.15. Z) = Z7 for r > p, so we have an epimorphism

B}, — Ertl. Furthermore, B* = J,-, By, and thus E;5 = olim EF .
Now we restrict our consideration to the case where X is a CW-complex
and the filtration is the skeleton filtration.

Proposition C.0.16. There is a natural isomorphism E, , = C(X) ®
hqe(pt) and under this isomorphism the differential d;,yq can be described in
terms of the cellular differential. More precisely, the diagram

dp.q

1 1
Ep,q Epfl,qul

l Op®id L

Co(X) @ hg(pt) == Coy (X) @ hg(pt)

commutes.

The next theorem summarises the achievements of the previous proposi-
tions.

Theorem C.0.17 (Atiyah-Hirzebruch spectral sequence). We denote with
X a CW-complezx and h, a generalised unreduced homology theory satisfying
the axiom of disjoint union. Then there is a spectral sequence {E;’q,dr} of
homological type with (E;Wdl) as described in Proposition C.0.16, Eiq =
H,(X, hy(pt)), and converging to h.(X).

In the spirit of the leitfaden of Switzer’s book, enrichment of structure,
we are going to exploit further properties of this sequence.

Theorem C.0.18 (functionriality). A continuous map f: X — Y between
two CW-complezes induces a map of spectral sequences f, .- xE} . — yE} .,
which approzimates hy(f): ho(X) — h(Y).

Under the correspondence E;q = C]‘je”(X) ® hy(pt) the maps f;q corres-
pond to C;e”(f) ® id: C;e”(X) ® hy(pt) — Cff” (Y) ® hy(pt).

Proof. We may assume that f preserves the filtration because the cellular
approximation theorem guarantees we can homotopy f into a cellular map

if needed. Let xZ ,xB, ... the groups defined in Definition C.0.8 for
the space X and yZ) ,,v B, ,,... the groups for Y. Since f is cellular, the
diagrams

ho(X, XP) —Lm h, (X7, X1) ho(X®, XP) —2 b, (X7, X9)

| | | |

ho (YO, YP) 2o b (YP, YY) ho (YO, YP) —2 o b (YP, YY)



96 Appendiz C. Spectral Sequences

commutes. This implies that the chain of inclusions given in Proposition
C.0.9 is natural with respect to cellular maps. So, cellular maps define
maps f; ., between xZ7  xBy ... and yZ ,yBy,.... Thus, they in-
duce Well defined maps fT : xE,, = vE,, The next step is to show that
U AxEy d'y = v E],, dr} IS a map of spectral sequence. So, we need
to verify that they are chain maps and that H(f) ) = ;;1.

Recall that d , is the composition of the three homomorphisms

/ /ZT‘+1 Br+rq+r 1/ p— rq—‘,—r—l—l(_).Zp r,q+r— 1/ p—r,q+r—1-

The first and the third morphism obviously commute with f; . A diagram
chase of

hp g1 (Y77, YP7T)

hp+q (Yp_l ) Yp_r) - p+q (Yp’

>~<

P S hp+q(Yp> Yp_l)

;. (Y7, XP7)

fx Je fx

My g1 (XP~7, X771 a

hp g (X771, XPT) g (X7, XP77) — | Dy (X7, X771

N

thFQ(Xp’ Xp—?"—l)

shows that the second morphism, induced by Ay o j-1, commutes with S
too. So {f;,} is a chain map for every fixed r.
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The commutativity of

r+1
/sz’q
H(Er ) _ xZpht /xBb ., = \Zt-kl/ Bl
P, x Byl /xBr ., X%pq [ XPpgq
foa
H(f5.q) i
r+1
/Zpg
H(Er ) _ YZ;,ng/YBqu = \ZT-H/ Br+l
pa) — v BpEY/y By, Y%pq /Y Ppyg
shows H(f),) = frtl. Since Z] = Z3 for large r, we conclude from the

previous discussion that {f] } is a morphism of directed systems commuting
with f7¢ because the following diagram

oo
XEpﬂq
r ‘ = ErJrl
Xpq P,
I
1
f;,q Y ;C; ;,i}
r = r—+1
Y =pq YEnq

commutes. Consequently, we have

colim, x by | —— x 2%
lcolim{flgq} sz??q

. ;2 oo
colim,. vE, ,—vE},.

The last condition we have to verify is whether the isomorphism between

Fpq/Fp-1,4+1 and B3 is natural with respect to the morphisms induced by
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f. To this end, consider the commutative diagram

hp+q+1 <X7 Xp)

A
0
prq(XP71) hpq(XP) = pq(XP, XP71)
\ / e
p+q
f* f* f*
p+q+1 Y Yp
f* / \
hprq(YPTH) ——— | Iy (¥ hp+q(YP,YP7H)
7;1*

hpiq(Y?)

and recall that the isomorphism between [, ,/F, 1411 and EJS is induced
by i, 0 j; . A diagram chase shows the desired result.
The second part of the theorem follows from

Cx ¥P) +
KL = by (X7, XP71) ST, 0 (V 7) 52 @y (89) = € (X) @ hy(pt)

f;%,qJ lf* Lf* J cwll(f)@idl

(=)

v By g = (Y7, YP) Ry g (V S7) == Bhg(S°) = G (V) @ hg (pt).

Here, c: XP — XP?/XP~! denotes the collapsing map and f the (well-defined)
map induced by f on the quotient. Furthermore, > denotes the suspension
isomorphism on homology theory, where we identified h,.,(\/ S?,pt) with
®h,4,(SP, pt) with the help of the isomorphisms induced by the inclusions.
The suspension isomorphism is natural with respect to continuous maps be-
cause it is nothing but the Mayer-Vietoris boundary operator of the excis-
ive triad (SX,C,X,C_X), which commutes with S(f), because S(f) is a
triad-preserving continuous map. In the right square, C°(f) is the matrix

(a;;), where a; ; is the degree of the map S — \/ SP ER \ SP — S7. O



99
The attentive reader certainly has noticed that the commutativity of

ho (X, XP) Lo (X7, X9) ho (X, XP) —2s b (X7, X1)

P T

h (YO, YFP) Lo h (VP YY), ho (Y, YB)—2= h,(YP, YY)

is actually everything we need. Any statement breaks down to the commut-
ativity of these two diagrams. Consequently, a collection of homomorphisms
Tos: ha( X XP) — h(Y*,Y?) commuting with all inclusions and all bound-
ary operators yields the same result.

Theorem C.0.19 (AHSS preserves trafos between homology theories). Let
T: h — h' be a natural transformation between two homology theories. For
every CW-complex it induces a map between the resulting Atiyah Hirzebruch
spectral sequences Ty .. On the 1-page the map is given by

idT

T, E), = CAX) @ hy(pt) Coll(X) ® h (pt).

These induced morphisms commutes with the morphisms induced by continu-
ous maps.

Proof. As noted before, this proof is completely analogous to the proof of
Theorem C.0.18. Since T is a natural transformation between two homology
theories, it will commute with any homomorphism induced by continuous
maps. So the second part of the statement also follows. O

Ezample C.0.20 (relations between different bordisms). There are natural
transformation between different bordism theories, namely, forgetting ad-
ditional structures. Example 1.2.8 shows that a manifold carries a Spin
structure if and only if it carries an orientation and a Pin® structure. So
forgetting additional structure gives natural transformations

(X, A)

FORGE ORGET

QX A) 02(X, A)

ORGET FORGE

QS0 (X, A).

Theorem C.0.21. If f: X — Y s a cellular map with a cellular section o,
then, for each k € Z, there is an isomorphism between hi(X) and ker hy(f)®
hi.(Y) given by

ha(X) 2O DDy (F) @ (V).

This isomorphism defines a split on the corresponding Atiyah-Hirzebruch
spectral sequences

(Er dv) e <(1)E;7q D (2)Er (l)dr D (2)d7) 7

p,q’ p,q’
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where ((Q)E;’q, (Q)dr) is the Atiyah-Hirzebruch spectral sequence induced from

h(Y) and ((1)E7" dr) is a spectral sequence converging to ker h.(f).

b,q’

Proof. Since the isomorphisms id—hy (oo f) = hy(id)—hg(oof) are differences
of morphisms induced by continuous maps, they commute with all maps
induced by inclusions and all boundary operators. Thus, they induce natural
splits

hi(X®, XP) 2 ker hy(f) @ he(Y®, Y7)

and thus the groups in the Atiyah-Hirzebruch spectral sequence split

id—(oof)p «®fp.q

T r r 1 T 2 T
Ep,q ker fp,q ® YEp,q ( )Ep,q ® )Ep,q :

By definition, ®?d" is the differential of the Atiyah-Hirzebruch spectral se-
quence of h,(Y). We define Md?  to be the restriction of d7  on ker f7 .
Since the differentials are natural with respect to continuous maps, (1)d;7q
will have ker f . .., as target space. The same is true for (2)d;q for the
same reasons. Consequently, we have a split of spectral sequences {E;,q, d} =
{(l)E;q D (Q)E;q, War @ @dr}. O

Corollary C.0.22. Let (£ ,, d") be the Atiyah-Hirzebruch spectral sequence

of a connected CW-complex. Then, all differentials with space Eg , for q € Z
vanish.

Proof. Since the 0O-skeleton X of X is a single point, the unique map

{pt} — X'© gives an isomorphism between Ej , and he(pt) which is inverse

to the morphism induced by the constant map const: X — {pt}. Therefore

ker consty , = {0} C Eg, and the splitting in Theorem C.0.21 gives
(Er,.d") = (B, ®@El,,00d),

*,% ) *,%k )

where F), is the Atiyah-Hirzebruch spectral sequence for a single point

and E}C’q = E} ., it p>1 and zero otherwise. The result follows. ]

If the homology theory carries a product structure, the corresponding
Atiyah-Hirzebruch spectral sequence can be equipped with a product struc-
ture which approximates the given one [Swi02, p.352ff]. This can be very
useful in computations. Note that the spectrum MPin™ is not a ring spec-
trum but a module spectrum over MSpin. However, for the calculation in
chapter 3 we only need that Pin~ bordism is a Q5P (pt)-module. So, we
sketch the special case where the coefficient ring k. (pt) of a homology theory
with a ring structure acts on the homology theory h,.

Theorem C.0.23. If k.(pt) ~ h(X, A) acts naturally with respect to con-
tinuous maps and the boundary operators, then there is a k.(pt)-action on the
corresponding Atiyah-Hirzebruch spectral sequence approximating the original
action. The differentials and the morphisms induced by continuous maps are
equivariant with respect to this action this action.

Under the identification E;jq = C;je”(X) ® h«(pt), the action corresponds
to the action of k.(pt) on the second factor.



101

Proof. Again, the diagrams

Fa(pt) @ o (X, X5) S22 | (pt) @ by (X7, X9)

R

h (X, XP) = h.(XP?, X9)

and
ko (pt) ® ho(X®, X7) —2= ko, (pt) @ ha(XP, X9)

| :

ho (X, XP) 2 h.(XP, X9)

commute, so the assertion can be checked similarly to the proof of Theorem
C.0.18. a

FExample C.0.24. Tf M is a Spin manifold and N a Pin™ manifold, then M x N
is a Pin™ manifold with a canonical Pin~ structure. So, we define a right
action

qum* (X, A) x Qgpin(pt) — QPR (X A)

p+q

[M, OM; f] x [N] = [M x N; f opry].

The assignment is well-defined because if B is a Spin boundary of N; L Ny,
then (M x B; f opry) bounds the disjoint union of (M x Ni; f o pry) and
(M x Ny; f opry). Recall that a Spin structure and its inverse yields the
same Pin~ structure after forgetting the underlying orientation. So, (M X
Ny fopr,) and (M x Ny; fopr,) represent the same element in Qi (X, A)
and thus, the action does not depend on the representative Spin manifold. A
similar calculation shows that the action does not depend on the choice of the
representative singular Pin™ manifold. It it obvious that this action is natural

with respect to morphisms induced by continuous maps. The calculation

O[M x N,OM x N; fopr|] =

I(M x N);0(0M x N); f o pri|axn)]
OM X N; far o pry]

N| x [OM; flom]

N] x O[M; f]

— — e —

shows that the action commutes with the boundary operator. Consequently,
QSPin(pt) acts on the Atiyah-Hirzebruch spectral sequence for Pin~ bordism
from the right.

This discussion generalises immediately to other bordism theories. For
example, QO(X, A) carries a Q9(pt) action. The same is true for oriented
bordism and Spin bordism.






Prospects

Although the original problem was only to determine the first five Pin™
bordism groups of BO(2), a natural question arises how the higher groups
look like.

It turns out that the tools we have used so far are not appropriate. Indeed,
the Atiyah-Hirzebruch spectral sequence, which is very close to the homology
theory it approximates, allows a fast and direct computation of the associated

graded modules
D £

pt+q=k

without any complicated auxiliary calculations — at least in small degrees.
Using the AHSS, one can show

QP (BO(2)) = OF" (pt) & OF" (RP™, pt) @ ker g
7o ®Zoy® G,

where G is a group of order 4. However, the involved calculations are much
longer than the calculations in the main text. This suggests that the com-
plexity of the involved calculations should increase dramatically with the
degree. The extension problem cannot be solved conceptually either. In this
thesis, we used two approaches. The first one was to compare Pin™ bordism
with unoriented bordism, a tactic we can use also for higher degrees. How-
ever, this tactic does not see cyclic extensions because unoriented bordism
is a Zo-vector space. To verify that Q5™ (RP> pt) is cyclic, we used the
classification theorem for surfaces, which only works in dimension two. To
determine the isomorphism class of GG, we have to be creative.

So, in order to hunt the higher bordism groups, it is advisable to use the
Adams spectral sequence. It has the disadvantage that we have to do rather
complicated auxiliary calculations to determine the second page and that it
is rather ungeometric (it uses only the homotopy type of MPin™ and not its
geometric meaning, therefore finding generators requires additional effort).
But its great advantage is that it provides often — after given explicitly all
modules of the second page — effective methods for the determination of the
associated graded module and for the solutions of the extension problem.

Another interesting question is whether there is a geometric isomorphism

Q2 (pt) — Qi (RP, pt).

Recall that the isomorphism constructed in Corollary 1.4.12 maps the other
way around. A good candidate seems to be the homomorphism in Theorem
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1.4.14, but the author could not prove it. Such a diffeomorphism would be
very useful for calculations because QP"(RP>) has a multiplicative struc-

ture.
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Errata

Section 1.5 and 3.2: There are mistakes in the calculation of the Pin~
bordism coefficients. Two statements are wrong, namely Lemma 1.5.8, this
is essential, and Lemma 1.5.10, which only affects the determination of the
coefficient group Q™ (pt) - a group not needed in the calculation in chapter
3. However, the falseness of the proof of Lemma 1.5.8 leaves Lemma 1.5.9
unproven and maybe Lemma 1.5.10, but its proof in wrong nonetheless. The
incompleteness affects Theorem 3.2.2, namely d%o # (0 becomes unproven

and, therefore, the determination of Qf™ (BO(2)) is incomplete too! Luckily,
everything except Lemma 1.5.10 can be repaired so far, leaving QY(pt)

determined, but I have referred to the complete list, so it should be not a big
deal.

Lemma C.0.25. d3,: E?, = Hy(RP>; Q") — Hy(RP®;Q5"™) is not
zero!

Proof. Recall that the group E?, = H,(RP>; Q5™ ) is generated by [RP? x (S},.)?, pry].
Thus, forgetting the orientation gives an isomorphism gpinE;;, — pinEj;

is an isomorphism for (i,7) = (4,1) or (2,2), see the remark about the
forget-functor at the beginning of section 3.2. Therefore, the dil in the
AHSS approximating Q5Pn(RP>) is not zero. O

Since Lemma 1.5.8 is repaired, everything else holds as well.

Section 2.4: Corollary 2.4.2 is wrong; the pairs of numbers has to (2, 3)
and (0,1), respectively. But this is an easy calculation that I have done
wrong in the first place.



