HOMOTOPICAL ROBUSTNESS OF SYMMETRIES ON THE CAYLEY PLANE
THORSTEN HERTL AND ISLA LIM

ABSTRACT. We compute the rational homotopy class of the action Fy xQP? — QP? between the
minimal models of source and target. As an application, we derive the effect of the associated
inclusion Fy — hAut(QP?) on rational homotopy groups. Although special emphasis is put on the
Cayley plane, our results generalise to all simply connected rank 1-symmetric spaces.

1. INTRODUCTION

Let OP? be the Cayley plane, which is defined to be the subspace of Herm(3,Q) consisting
of all hermitian (3 x 3)-matrices with entries in the octonions O that are rank one projections.
Embed Herm(1,0) = O and Herm(2, Q) into the upper left corner Herm(3, Q), that is via the map
A diag(4,0), and set OP™ = OP% N Herm(m + 1,0) for m = 0, 1.

The compact Lie group Fy acts faithfully and transitively on OP? with stabiliser Stab(OP°) =
Spin(9) and Stab(QP') = Spin(7), see [6], especially Theorem 14.79 paired with the definition of
the Spin(9) action in the proof of Theorem 14.99. The left action therefore gives rise to an inclusion

s: Fy — hAut(OP?) and s: Fy/Spin(7) — C(QOP', OP?),

where C(X,Y’) is the topological space of all continuous maps from X to Y equipped with the
compact open topology, and hAut(X) C C(X,X) is the subspace consisting of all homotopy
equivalences.

Our first result describes the effect of s on rational homotopy groups.

Theorem A. The homomorphisms
7 (8): T (F4)g — m-(hAut(OP?),id)g,
mr(s): m-(Fy4 / Spin(7))g — 7 (C(OP, OP?),incl)q,
are isomorphisms if r > 11. The target groups are zero if r < 11.

Corollary B. The rational homotopy groups of hAut(OP?) and C(QP!, QP?) are given by

Q, ifr=15,23,

7 (hAut(OP)?,id) 0 Derwi
y otherwise.

Q=Tr (C(OP*,0P?), incl), = {

Although Corollary B can be easily computed from Sullivan’s technique [10] and its generalisation
to arbitrary mapping space in [3], these computations do not provide the information that the
non-trivial elements arise from 715(F4)g and m23(F4)q.

Similar results have been by established Meier and Strebel for RP™ [8], by Sasao for CP™ [9], and
by Yamaguchi for HP™ [11]. However, their proof strategies are not applicable to the Cayley plane.
Indeed, Meier and Strebel rely on the classification of Q-acyclic spaces with Q-acyclic fundamental
groups, while Sasao and Yamaguchi use the fibrations

S'— & 5 CP" and  §° — ST - HP"
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in an essential manner. The Cayley plane, however, does not exhibit an analogous fibration because
the octonions fail to be associative, which forces us to use a proof strategy that is entirely different
from theirs.

In contrast to the rather topological approach of Sasao and Yamaguchi, we make use of the
full-fledged machinery of rational homotopy theory by transferring the problem into the set-up of
Sullivan algebras, where it becomes essentially an (linear) algebraic problem that can be solved fairly
hands-on. This approach has the additional advantage that all projective spaces can be treated in a
unifying theme, so we automatically provide new proofs for the results in [9] and [11].

Furthermore, our approach allows to derive the stronger result that describes the rational
homotopy class of the symmetry group action on projective spaces. To formulate this result in
the special case of the symmetry action £: Fy xOP? — QP? (for the more general case we refer
to Proposition 3.6 and Proposition 3.5), let Mgp2 = Alas, bag | dbaz = al] be the minimal model
of OP? in the sense of rational homotopy theory, and recall that the rational cohomology ring
H(Fy) = Alés, €11, 615, €3] 1s an exterior algebra.

Theorem C. The rational model M(£): Mgp2 — H(F4) @ Mgp2 of the symmetry action Fy ~ QP2
is the (homotopy class of the) homomorphism of commutative, differential, graded algebras determined
by

M(l)(as) =1®as and M(L)(b23) =1 ® bag + €15 ® ag + 23 ® 1.
Moreover, the coefficients £15 and &23 are homotopy invariant in the sense that they remain unchanged
if one changes M({) within its homotopy class.

As a consequence, the rational homotopy class of s: F4 — hAut(QP?) is completely determined
by its induced homomorphisms on rational homotopy groups (which is not clear at first).

Outline of the article: Section 2 provides a concise recollection on rational homotopy theory
needed in this article. Subsection 2.1 presents the abstract theory while Subsection 2.2 provides
the rational models for the examples we study in Section 3. It serves further as an opportunity to
introduce our notational conventions. Section 3 is reserved for the proofs of Theorem 3.7 and 3.8
that imply Theorem A and Proposition 3.5 and 3.6 that imply Theorem C.

Acknowledgments: T. Hertl’s work was funded by the Australian Research Council Discovery
Project DP220102163. The two authors would like to thank Diarmuid Crowley for his interest in
this work.

2. PRELIMINARIES

2.1. Rational Homotopy Theory. We start with a concise recollection of the required basics
on rational homotopy theory followed by some sample calculations in the next subsection. More
details can be found in [2] and [4]. We first discuss rational spaces and then look at their algebraic
counterparts.

2.1.1. Rational Spaces. Recall that a path-connected topological space X is called nilpotent if its
fundamental group is nilpotent and if the action of 71 (X) on 7, (X) is nilpotent, see Chapter II of [7].
A nilpotent space is called rational if, for all n and r € N, the n-th power map (-)": m(X) — m(X)
is a bijection (an isomorphism if > 1). The rationalisation of a topological space X is a pair (Xg, lg)
consisting of a rational space Xg and a continuous map lg: X — Xg such that precomposition with
lgp induces a bijection

(1)olg: [Xq, Y] = [X,Y]

for all nilpotent, rational spaces Y. Rationalisations exists for every nilpotent space, see Theorem
3A in Chapter II of [7], and their universal property implies that they are unique up to homotopy
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equivalence. Moreover, m,(lg): 7-(X)g — m(Xg) induces an isomorphism', see Theorem 3B in
Chapter II of [7].

A continuous map f: X — Y between two path-connected nilpotent topological spaces is
called a rational homotopy equivalence if it induces an isomorphism between their rationalised
homotopy groups. Two spaces are called rational homotopy equivalent if there exists a zig-zag
X = 71+ -+« Z, — Y of rational homotopy equivalences between them. Equivalently, X and
Y are rational homotopy equivalent if their rationalisations are weak homotopy equivalent.

The reason why we consider larger class of nilpotent spaces (instead of simply connected spaces)
is that this subclass of topological spaces is closed under taking mapping spaces: If X is a finite
CW complex and Y a nilpotent CW complex, then each path-component of the space of continuous
maps C(X,Y) is nilpotent, see Theorem 2.5 in Chapter II of [7]. For our purpose, the following
result is essential.

Theorem 2.1. [7, Theorem 3.11] Let X be a finite, connected CW-complez, Y be a nilpotent CW-
complez, and lg: Y — Y its rationalisation. Then postcomposition with lg induces a rationalisation
lgo(+): C(X,Y; f) = C(X, Yy, lgo f), where C(X,Y; f) is the path component of C(X,Y') that
contains f: X =Y.

The advantage of rational spaces is that their homotopy types and the set of their homotopy
classes can be completely described in terms of algebraic data.

2.1.2. Sullivan Algebras. The algebraic counterpart for rational topological spaces will be the
category of commutative, differential, (cohomologically) graded, (unital) algebras (cdgas in short)
over the field Q that are concentrated in non-negative degrees. The assignment sinding a topological
space X to Qpr(S(X)), the cdga of polynomial differential forms on the singular set S(X), yields a
contravariant functor Top — CDGA. The cohomology H(Qpr (X)) is isomorphic to Hgng(X;Q),
see [10] or [4, Theorem 10.9].

The role of a CW-complex inside the category CDGA are taken by Sullivan algebras. Recall
that a Sullivan algebra (AV,d) is the free algebra of a (non-negatively) graded (rational) vector
space V such that d satisfies the nilpotency condition, which means that there is a filtration
V(0) C V(1) C... such that UV (k) =V and such that d =0 on V(0) and d: V(n) — AV (n — 1)
for all n > 1. A Sullivan algebra is called minimal if d(v) is quadratic, that is d(V) C AZ2V. A
homomorphism of commutative, differential, graded algebras (abbreviated to dga-homomorphism in
the future) ¢: (A, d) — (B,d) is a quasi-isomorphism if its induced homomorphism on cohomology
H(yp): H(A,d) — H(B,d) is an isomorphism.

An important example of a (non-minimal) Sullivan algebra is the algebraic interval I = Alt, dt],
where t is a variable in degree zero and the differential satisfies the tautological relation d(t) = dt
and d(dt) = 0. It comes with two dga-homomorphisms evg, evy: Aft,dt] — Q that are completely
described by ev;(t) = j for j = 0,1. A homotopy between two dga-homomorphisms ¢, ¢1: A — B
is a dga-homomorphism H: A — I ® B such that ev; o H = ;. Being homotopic is an equivalence
relation if the domain is a Sullivan algebra, see [2, Proposition 6.3]. Moreover, there is a form of
Whitehead’s theorem in the sense that postcomposition with quasi-isomorphisms ¢: (A1, d) — (A2, d)
induces a bijection between homomotopy classes [AV, A;] — [AV, As], see [2, Proposition 5.7].

A Sullivan model of a topological space X is a pair of a Sullivan algebra (AV,d) and a quasi-
isomorphism m: AV — Qpr(X). If (AV,d) is minimal, then we refer to it as a minimal model of
X and denote it with Mx. The notation is justified, because minimal models exist [4, Proposition
14.3] and are unique up to isomorphism [4, Theorem 14.12]. A rational model for a continuous map
f: X =Y is a dga-homomorphism between Sullivan models of domain and target ¢: AVy — AVx
such that mx o ¢ is homotopic to Q(f) o my. By Whiteheads theorem, the homotopy of this model

Lror m1(X), we use the Maclev-completion, which agrees with the tensor product if 71 (X) is abelian, see Chapter I
of [7] for details.
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is independent of the choice of Sullivan models used to define it. If we use minimal models, we will
use the notation M(f) (for the homotopy class or any of its representatives).

It was proved in [2, Theorem 4.3] that CDGA has model category structure with weak-equivalences
being quasi-isomorphisms and fibrations being surjective dga-homomorphism and that Sullivan
algebras are cofibrant objects. The authors of [2] further show, see Chapter 9 in loc. cit. that the
assignment X — My gives rise to a Quillen adjunction

<> CDGA:)TOPM()

that induces an equivalence of categories

fing-Ho(CDGA) = fing uy-Ho(Top)

where fing-Ho(CDGA) is the full subcategory of Ho(CDGA) whose objects are quasi-isomorphic to a
minimal algebra AV with a generating graded vector space that is finite dimensional in each degree.
fing nii-Ho(Top) is the full subcategory of Ho(Top) whose objects are weakly equivalent to a rational
nilpotent space of finite Q-type, that is, its rational homology is finite dimensional in each degree.
In particular, we have the following consequence, see [2, Proof 11.9] for second part of the following
statement.

Theorem 2.2. For every two rational, nilpotent spaces of finite Q-type X, Y, we have a bijection
of homotopy classes

(2.1) [(X,Y] = [My,Mx]  given by [f] = [My].

Furthermore, if the minimal model My = AVy is generated by Vy-, then there is a natural bijection
e (Y)o = Hom(ViE, Q), which is an isomorphism whenever the domain is abelian.

For a dga-homomorphism ¢: A — B between two cdga and r € Z, denote by Der? (A, B) the
vector space of all p-derivations that lower the degree by r, that is, the vector space of all linear maps
: A — B that lower the degree by r and satisfy 6(a; - az) = 0(a1)e(az) + (—1)"98@2) p(a1) - O(ay).
It is straighforward to verify that for § € Der¥ (A, B) the linear map 6,(0) := df — (—1)"0d is again
a -derivation and that 6,_; o 6, = 0. In particular, ¢ turns Der?(A, B) = @,.cz Derf (A, B) into
a homologically graded chain complex. The next result generalises the one of Sullivan [10] from
homotopy automorphisms to arbitrary mapping spaces and was proved in [3].

Theorem 2.3 (Theorem 1 in [3]). Let X,Y be nilpotent CW complexes with X finite and Y of
finite Q-type. Then there are isomorphisms of Q-vector spaces

WT(C(Xa Y)a f)@ = Del"yl(f)(My, MX: 5)7
I'm(C(X,Y), g = Der)'™ (My, My, 6),

where I'm (C(X,Y), f)g denotes the rational vector space @;1'j/I'j+1 ® Q associated to the lower
central series T'o = m(C(X,Y), f) 21 D --- D T',, = {1} of the nilpotent group m (C(X,Y), f).

2.2. Examples of Rational Models. We work out the rational models for the spaces we consider
Section 3. Unless stated otherwise, rational coefficients are understood.

Ezample 2.4. The minimal model of S™ with n = 2k + 1 is given by Mgn = Alay, |da, = 0]. It
is easy to see that a map m: Mgn — Q(S™) that sends a, to a generator of the volume form
volgn = H"(S™) = H"(2(S™), d) is a quasi-isomorphism.

Ezample 2.5. The minimal model of S™ with n = 2k is given by Mgn = Alay, bop_1 |dbon_1 = a2].
A model map is inductively constructed as follows: Send a,, to a generator w, of the volume form
volgn € H™(S™). We know that w,% must be exact, so we send bo,_1 to a form n with dn = w%. By
construction, the map m extends to a quasi-isomorphism m: Mgn — Q(S™).
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Ezample 2.6. The cohomology ring of CP™ is well known: H(CP"; Q) = Q[az]/(a5™"). Therefore,
the minimal model of CP™ is given by Mcpn = Alag,bopt1 | dbopi1 = a’§+1]. A model map
m: Mcpn — Q(CP™) sends as to a generator ag of az € H*(CP™) and by, 11 to a primitive of agﬂ.

Since the CP" can be given a CW-structure such that the (2m)-skeleton (CP™)2™ can be
identified with CP™ it follows that the inclusion CP™ — CP" induces the canonical projection
Qlaz]/(a5™) — Qlaz]/(ad™) on cohomology. It is not hard to see that there is one and only
one dga-homomorphism Mcprn — Mcpm that induces the aforementioned ring homomorphism on
cohomology, namely

n+1

Mcpn = Alag, bontt | dbans1 = a3 — Alag, bamy1 | dbani1 = a3 = Mcpm,
as — a2, bapy1 — ay "bamy.
Example 2.7. Completely analogously to the previous example, we derive
Mupn = Alad, ban+s | dbants = af '] — Alad, ban+s | dbamss = af"™'] = Mypm,

n—m
ag = ag, banyz > ay” bamys.

Ezample 2.8. It is well known that OP! = S® and that OP? has a CW-structure of the form
{x} = OP° c OP! = (OP?)® C OP? = (OP?)19). In particular, its cohomology ring is given
by H(OP™) = Q[ag]/(as™) for n < 2. Arguing as in Example 2.6, we deduce that the inclusion
OP! — OP? is modelled by

M@pz = A[ag, b23 ‘ db23 = a%] — A[ag, 515 ‘ dbl5 = a%] = M@pl
ag — as, b23 — a8b15.

By a Theorem of Hopf the rational cohomology of a compact Lie group is a free exterior algebra,
see [5, Theorem 1.34], so its cohomology group agrees with its minimal model. To set up our
notational conventions, we recall the cohomology rings of the Lie groups of our interests, see Example
3.37, and Example 3.40-3.42 in [5] for the equivalent statements of their classifying spaces.

Example 2.9.

(i) If n = 2k is even, then Mgo(,) = H(SO(n)) = Alns, ..., Tak—5,26-1]. Note in particular
that MSO(2) = Aleq].

(ii) If n =2k + 1 is odd, then Mgg(,) = H(SO(n)) = Alnms, ..., Tap—1]

(%ii) For all n > 1 we have My,) = H(U(n)) = Aly1,...,v2n-1]

(iv) For all n > 1 we have Mg,y = H(Sp(n)) = Algs, - - -, qan—3]-

(v) Since Spin(9) — SO(9) is a two-sheeted cover, the two groups are rational homotopy
equivalent and we have Mgy (9) = Alnms, 77,11, 715). Similarly we deduce that Mgy, 7) =
Alms, 7, 1]

(vi) Borel [1] computed the integral cohomology ring of F4. By tensoring with the rational
numbers, we deduce that Mp, = H(F4) = A[¢3,&11, &5, §23].

It is well known that inclusion of subgroups induce the obvious homomorphisms between their
homology groups, for example the inclusion SO(2k—1) — SO(2k) induces the algebra homomorphism
A[ms, ..., Tyk—5,€k] = Alms, ..., map_5] that sends 7; to m; and e9,_; to zero. In particular, the
homomorphism induced by the inclusion Spin(9) — F4 sends £23 to zero and &; — ; for j = 3,11, 15.

Next we would like to understand the rational model of the quotient maps. We start with a
technical lemma that classifies homotopies between certain Sullivan algebras.

Lemma 2.10. For k > 1 and n > 2, consider a minimal Sullivan algebra of the form (AV,d) =
Alasg, bank—1 | dbakn—1 = aly,] and let (A,0) be a cdga with trivial differential and generated by
elements of odd degree. Then each homotopy class has a unique representative.
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Proof. Each homotopy H is uniquely determined its image of the generators. Degree reasons imply
H(agy) = dt ®@ x1 and H(bokn—1) = Topn—1 +t @ Yokn—1 + dt @ zogn—2.
Since dasr, = 0 and the differential on the target vanishes, the algebra homomorphism is a dga-
homomorphism if and only if
0= (dt ®z1)" = H(dbogn—1) = dH (bokn—1) = dt ® Yogn—1,

which is equivalent to yo,x_1 = 0. It follows that evg o H = evy o H, as claimed. OJ

Lemma 2.11. The evaluation map eve, : SO(n + 1) — S™ has the following rational models:
(i) If n = 2k, then M(eve,): Mgn — Mgo(n11) is induced by an — 0 and bap—1 + Tap—1.
(ii) If n = 2k + 1, then M(eve,): Mgn — Mgo(ny1) 98 given by aggy1 — €241

Proof. The odd case is a well-known statement about rational cohomology of Lie groups, so we will
prove the even-dimensional case only. The dga-homomorphism M(ev,, ) modelling the evaluation
map must be induced by

agy — decyy, and bag—1 > Mk—17Tap—1 + decag_1

with Agz_1 € Q and decomposable elements deca, € H?*(SO(2k+1)) = H?*(SO(2k)) and decyp_1 €
H*=1(SO(2k)). Since the composition SO(2k) < SO(2k + 1) =% S2* is the constant map, this
forces decgr, and decyr_1 to vanish. The induced long exact sequence of rational homotopy groups
together with their algebraic description in terms of their minimal models, Theorem 2.2 and

Example 2.9 implies that A\4p_1; must be non-zero. By rescaling 7451 if necessary, we may assume
)‘4k—1 =1. ]

The next example concerns complex projective spaces.

Lemma 2.12. The map evie,: U(n+ 1) — CP" given by evaluating at [eg] = [1:0:---: 0] ds
modelled by the dga-homomorphism

M(eviey)): Mcpn — My(nery  induced by ag — 0 and bap1 — Yant1-

Proof. By applying the long exact sequence of rational homotopy groups to the fibration U(1) x

U(n) - U(n+1) Heol, CP", we deduce m2,11(ev(e,])g must be an isomorphism. From the natural
isomorphism 7,(X)g = Hom(Vg, Q) for each nilpotent space of finite Q-type, where Vx is the
generating graded vector space of the minimal model of X, we deduce that ev, is modelled by a
homotopy class of a dga-homomorphism of form?

az — 0 and bont1 > Yont1 + decopga,

where decan 1 € A1, ..., Y2n—1] is a linear combination of decomposable elements.

We prove by induction that dec = 0. Starting with n = 1, we see deco, 11 = 0 for algebraic
reasons.

Evaluation at [eg] is stable in the sense that the left square in following diagram commutes strictly,
so right one of its rational models commutes up to homotopy

e M(eviey))
Uln +1) ——2 cp Mu(nt1) O Mepn
inclT T M(incl)i M(evieq)) | bant1—razban—1
e M(evieo))
U(n) ——_ cprt M) < Mg pas

where M(incl) is given by 7; — 7; and Y2541 — 0. By Lemma 2.10 the right diagram must commute,
so we deduce 0 = M(incl) o M(evi,) = M(incl)(y2n+1 + decan 1) = decap 1. O

2After rescaling 72,41 if necessary.
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The argument of the previous proof generalises to the quaternionic projective spaces and the
Cayley plane.

Lemma 2.13. The evaluation maps evie,: Sp(n+1) — HP™ and evi.,: F4 — QOP? = F4 / Spin(9)

are modelled by the dga-homomorphisms
Mupr — Mgp(nt1) induced by as 0 and bgnt+s — Qunt1,
Mgpz — My, induced by ag — 0 and bz — &o3.

Finally, we would like to calculate the rational homotopy groups of the mapping spaces C(KP™, KP™)
and C(S™,S™) using Theorem 2.3. We begin with discussing the case of projective spaces.

Lemma 2.14. For 1 <m <n, k = dim¢(K), and the standard inclusion incl: KP™ — KP", the
rational homotopy groups of the mapping spaces C(KP™ KP™) are given by

Q, ifre{2k(n—a)+2k+1:0<a<m},

T (C(KP™,KP™),incl)g = {0 l
, else.

Proof. Recall that the minimal models of KP" is given by Alag, bog(ni1)—1 | dbop(ny1)—1 = ag,jl]
and that the inclusion is modelled by the dga-homomorphism M(incl) that sends agx to agr and
bak(nt1)—1 t0 gy " bop(m1)—1-

Since derivations with domain a free algebra are uniquely determined by the images of the basis
of the generating vector space, we deduce that the vector space Der(Mgpn, Mgpm) of all positive
graded M(incl)-derivation is generated by the derivations

1®ayy, 6% @Yy 1 Bopbar(ma1)—1 ® bk(ni1) 1
with 0 < o < mand 0 < 8 < n—m. The derivations are of degree 2, 2k(n — «) + 2k + 1, and
2k(n — m) — 2kf3, respectively.
Straightforward computations yield the identities
6(1 ® agy,) = —(n +1)agy, @ by (1)1 3(a%y ® byy(ni1)—1) =0,

m+1
5(a2ﬁkb2k(m+l)fl ® b\Q/k(n—f—l)—l) = ag;j e b;/k:(n—&—l)—l'

We conclude that kerd is spanned by the derivations afy, ® bog(n41)—1 and that the image of ¢ is
generated by the derivations a3y @ bog(y41)—1 With m < a < n. The resulting homology groups are

then generated by a9, ® bgk(nﬂ)fl for 0 < a <m < n, so we deduce

, ifre{2k(n—a)4+2k+1:0<a<m
HT(DCT(MKpn,MKpm),(S) = {E)Q olse { ( ) }

The claim now follows from 2.3. O

The corresponding result for spheres can be obtained in the same fashion. However, if m < n we
have the following alternative, because, in this case, the inclusion S™ — S™ is nullhomotopic, so the
fibration C,(S™,8") — C(S™, §™) Z<=% S with the fibre the space C, (5™, S™) of all base-point
preserving continuous maps S™ — S™ has a section that sends a point x to the constant map

consty : S™ — S™ with value x. From this, we deduce
me(C(S™, 5"))g = M (5" & M ("S5 )g = k(5" ) © Thtm (5" g,
which allows us to read off the rational homotopy groups without calculations. We conclude the

next result.

Lemma 2.15. For 1 < m < n, the rational homotopy groups m;(C(S™,S™),incl)q are given as
follows:

(i) If n is odd, then m(C(S™,S"),incl)o =Q if k =n or k =n—m > 0 and zero otherwise.
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(it) If n is even and m < n, then m;(C(S™,8™),incl)g = Q if k € {n,2n — 1} or if k €
{n—m,2n —1—m} is positive.
(iit) If n = m even, then mp(hAut(S™),id)g = Q if k =2n — 1.

3. ROBUSTNESS OF SYMMETRIES

We now prove the main results of this article by calculating rational models for the actions
¢: Sym(M,g) x M — M. The basis for the proofs will be the following technical lemma, which
should be considered as a generalisation of Lemma 2.10. To formulate it, recall that a cdga A is
connected if A° = Q - 1 and that it is augmented if there exists a dga-homomorphism ea: A — Q.
Recall further that an arbitrary homotopy H: AV — A[t,dt] ® AW ® A with A an augmented cdga
gives rise to the following commutative diagram, in which we abbreviate Alt, dt] to I:

©o AW @ Q
o1
idT@aA
AV H _ [oAW @A — AW @ A

evy
EAWi@id
Yo
U1 Q®A

Proposition 3.1. For k > 1 and n > m > 2, let (AV,d) = Alagk, by,,, _, | dbogn—1 = aly] and
(AW, d) = Alagg, bami—1 | dbamr—1 = a3}] be two Sullivan algebras and let (A,0) be an augmented,
connected cdga with trivial differential. Then each homotopy H: (AV,d) — At,dt] @ (AW, d) ® A is
of the form

H(ag) =1®@X-a9, @1+ 1®1®vYo(ags) + dt @ To,_1,

H(bopp—1) =1® <>\g_magk_mbzkm—1 + 1 ® Yo(barn—1) + ho(barn—1)

n—m—1

+ ) ()‘Oa2k)ab2km—l®w0(a2k)n_m_a>

a=0

n—1
+t® (n “tpo(agk)™ wap—1 + 1 Y (Noazk)® @ vo(agk)” ™ wop—1 + dhdt(kan—1)>

a=1

+ dt @ hae(bakn—1),

where® xo,_1 € AP~ 4s closed, Y(ast,)” =0 for r >n—m, and ho(bogn_1) € AZ'W @A=L is closed
while hgt(bokn—1) € AW @ A satisfies dhgt(bogn—1) € aly, - AW @ A 4

We mostly apply this proposition in the case where 1y = 0, so we explicitly spell out the simplified
formula.

Corollary 3.2. If, in addition, ¥ = 0 in Proposition 3.1, then all possible homotopies are of the
form

H(agg) =1® Ao - ag, ® 1 + dt ® 291
H(bokn—1) = 1@ (A~ " ad;, "bokm—1 + ho(bokn—1))+
t@ (nAgtal twar—1 4 dhai(bogn—1)) + dt @ hai(bagn—1)

3We implicitly assume that H is a dga-homomorphism, of course, so that di(bakn—1) = ¥o(azx)™ = 0.
4Note that if m = n, then this condition implies that dhg:(b2kn—1) = 0.
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with xop_1 € AW @ A)2k~1 closed, hai(bogn—1) € (AW @ A)27=2 an element with dhg;(born—1) €
agILg . (AW ® A>2k(nfm)71 and hO(b2kn71) e AZIW ® AZl,

Remark 3.3. Informally speaking, the degree of freedom we have to change a dga-homomorphism
®y = evgo H within its homotopy class is the coefficients behind the t-factor. Proposition 3.1 tells us
that homotopies are quite rigid, because the only can only perturb ®3 by an the element zor_1 € A
and an exact element dhy,, | € ajy - (AW @ A)2(=™)=1 (which is automatically zero if n = m).

Proof. We can uniquely decompose H (ag) and H (bogpn—1) as follows:
H(agr) =1® (polazk) ® 1+ 1@ o(agk))+
t®@ ((p1 = wo)(agr) @1 +1@ (Y1 — o) (azk)) + dt @ a1
H (bokn—-1) = 1@ (o(b2kn—1) @ 1 + 1@ Yo (bakn—1) + ho(bakn-1)) +

t® (1 — ©0)(bakn—1) + 1 @ (1 — 10) (b2kn—1) + he(bokn—1))+

dt @ hat(bagn—1),
for some elements Top,—1 € A1 ho(born—1), hi(bakn—1) € AZIW @ A2 and hg(bogn—1) €
(AW @ A)?n=2 = Q ® A*"=2, Conversely, every such assignment determines a unique algebra
homomorphism H: AV — I @ AW ® A and H is a dga-homomorphism if and only if H(dagy) =

dH (as) as well as H(dbog,,—1) = dH (bokn—1) are satisfied.
The first equation translates into

0= H(dagk) = dH(agk) =dt X ((QOl - QO())(CLQk) & 1 + 1 X (¢1 - 1/)0)((12k) + dl‘gk),
which is equivalent to
(3.1) wo(agk) = ¢1(agk) = Aoagk, Yo(agk) = 1 (azs), and dxop_1 = 0.

for some A\g € Q.
The left hand side of the second identity is now given by

n

H (dbzkn—1) = H(agk)" = (Z) -1 ® po(agk)® ® o(agk)" ™
a=0

(3.2) S
n— o
+ny ( N )dt ® po(agk)® @ tholage)" * ' wap_1,
a=0

while the right hand side is given by
dH (bakp—1) = 1@ (dpo(bakn—1) ® 1+ 1@ dipo(bagn—1) + dho(bagn—1))
+t® (d(e1 — o) (barn—1) ® 1+ d(¥1 — 10) (bakn—1) @ 1 4+ dhy(bagn—1))
+dt @ ((p1 — v0) (b2kn—1) @ 1+ 1@ (Y1 — o) (ban—1) + he(bakn—1) — dhar(bakn—1))

By degree reasons, hi(bagn—1) € (AW © A)?™ =2 = (Alagg, bokm—1] ® A)*"2, 50 dhgy(born—1) €
alt - (AW @ A). In particular, if n = m, then (AW ® A)?""=2 = (A[ag] ® A)*"~2 and hg;(bakn—1)
must be closed.

(3.3) poazk)" = dpo(bakn—1);  do(bzkn—1) = Yo(azk)” and  dho(bzkn—1) =0,
n—1

(34)  dho(bgen—1) = Y (Z) po(azk)™ @ Yolagy)"
a=1

(3.5) ©1(b2kn—1) = o(b2kn—1) and V1 (bakn—1) = o (bakn—1) + 1 - o(agk)™ 'Top_1,

n—1
n—1 e
(3.6) hi(bogn—1) =n Y < N )@o(a%)a ® Yo (agk)™ ! - wop—1 + dhgy(bokn—1)

a=1
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Note that the first condition of (3.3) implies that vo(bogn—1) = wolagk)” "bogm—1. Furthermore,
observe that (3.4) is a condition; it forces the right-hand side to be exact, and this holds true if and
only if either p(ag;) =0 or if Vot = 0 for all a < m because ayy, = dbogy,—1 € AW,

Plugging (3.2) - (3.6) and the just derived observations into the defining equation of H(agx) and
H (bojp—1), we obtain the claimed formulas. O

Corollary 3.4. If (M,g) is a simply connected symmetric space of rank 1 and Sym(M,g) its
symmetry group that is considered in Example 2.9, then the rational model M(€) of its symmetric
action £ makes the following diagram commutative

id Q® My
/ aT@id
M(£)

H(Sym(M, g)) @ Mg

id®ia

M(evs) H(Sym(M,g)) ® Q

Mar

Proof. Since £ restricts to ev, = £(-,*) on Sym(M, g) x {*} and to the identity on {1} x M, we know
that the diagram in the statement must commutative up to homotopy. Since the augmentation maps
are surjective, they satisfy the the homotopy lifting property [2, Proposition 5.3]. After changing
M(¢) in its homotopy class if necessary, we assume that the lower triangle commutes strictly.
Since all rank 1-symmetric spaces have a minimal model of the form Alasg, bogn—1 | dbogn—1 = aby),
we can apply Proposition 3.1 with A = Q and deduce that every dga-homomorphism is unique in its
homotopy class (because in the notation of Proposition 3.1 z9;_1 = 0 for degree reasons). Thus, the
upper triangle strictly commutes, too. O

We begin with the description of the rational model for left action £: SO(n 4+ 1) x S™ — S™.

Proposition 3.5. The rational model M(£): Mgn — Mgg(n41) ® Mgm is the zero map if m <n. If
m = n, then the rational model is given by the homotopy class of the dga-homomorphism

azy — 1 ® agg, bag—1 V> 1 @ bag—1 + a1 @ 1, if n =2k,
agk+1 — 1 ® agg1 + 241 @ 1, ifn=2k+1.

Proof. We deal with the even dimensional case first. Lemma 2.11 and Corollary 3.4 imply that a
dga-homomorphism g modelling ¢ must send asg to 1 ® asg and bgg—1 — 1 @ bgg—1 + Tgre—1 @ 1 +
decop_1 ® agy,_1 with decy,_1 € H?~1(SO(2n + 1)) = H*~1(SO(2n)). By applying Proposition 3.1
with A = H(SO(2n + 1)), xox—1 = —decar—1/2 we find a homotopy between ¢ and ¢; = M({) in
the claim.

In the odd case, each rational model ¢g for £ must be of the form p(agx+1) = 1®agk+1+e2k+1 @1+
decopy1 ® 1 with decogp 1 € H?**1(SO(2k +1)). Lemma 2.11 implies now that decopy; ®1=0. O

Next we have a look at the left action ¢: Sym(KP", grg) x KP™ — KP™.
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Proposition 3.6. The left action ¢ is modelled by the (homotopy class) of the dga-homomorphisms
M(¢): Mgprn — H(Sym(KP™, grs)) ® Mgpr induced by

M(¢)(a) =1® a, for K € {C,H, O},
M(0)(bzns1) = 1@ al "bans1 + Y Vzar1 ®ad ", for K =C,
M(£)(bant3) = 1 ® ay "bany3 + Z Qia+3 @ ay <, for K = H,
M(0)(bsni7) =1 @ ag bgnir+ Y Esarr ®ag for K =0.

a=n—m

Moreover, the coefficients are homotopy-invariant: they remain unchanged if we replace M(€) by
any homotopic representative.

Proof. We spell out the proof for HP"™ only as the proofs for the other cases only differ in notation.
We will prove the statement by induction over n for the special case n = m and then deduce the
more general case m < n.

We begin with n = 1. For degree reasons and Lemma 2.12, the dga homomorphism M(¢) must be
of the form a4 — 1 ® aqg and by — 1 @ b7 + g7 ® 1 + - g3 ® a4 for some p € Q.

Since deg(q3) = deg(as) — 1, we may choose 3 = —p1/2 - g3 ® 1 in Proposition 3.1 to change M(?)
in its homotopy classes, to gauge ;= 0, which is not possible for the other coefficients.

For n > 1, we argue inductively. As for HP', we know that ¢ must have the form

n
agy — 1 ® aqy, and bak+s > 1 @ banys + > nla ®al™
a=0

with ,(, € H*T3(Sym(HP"); Q). By Corollary 3.2, we see that all coefficients except ,,(y are
homotopy invariant and as in the special case n = 1 we can gauge it away if we wish.
To determine the coefficients, we consider the following diagram that commutes up to homotopy

My pn H(Sym(HP", grs)) @ Mypn
M (incl) l/ H()® \L M(incl)

H(Sym(HP" ', grs)) © Mygpn-1.

MHPn—l

Applying Corollary 3.2 with the cdgas AW = Mypn—1 and A = H(Sym(HP" !, grs)) and vy = 0,
we see that coefficients ,,—1{, remain homotopy-invariant except for ,_1¢;. From M(¢) o M(incl) ~
H(t) ® M(incl) and the homotopy invariance of the coefficients ,,(, and ,,—1(, for (o # 0) we deduce
that

n—1

(H(:) @ M(incl)) o M(€)(ban+3) = 1 ® asban—1 + Z nCa ®@ay @

a=0
must agree (up to a summand of the form - (y ® aff—l =u-q3Q aff_l) with

n—1

(H(L) ® I\/I(incl)) o M(E)(b4n+3) =1® aqbgp—1 + Z n—1Ca ® (LZ_Q.
a=0

By comparing coefficients we derive the recursive equation ,{, = ,_1{, which determines all
coefficients ,(, with 0 < a < n to be ,{n = Qua+3. Lemma 2.13 determines the top coefficient
nCn € H*"F3(Sym(HP™, grs)) to satisfy ,(n = qun3, and we have proven the statement for m = n.
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To obtain the general case, we use the homotopy-commutative diagram

M(¢)

H(Sym(HP", grs)) ® Mgpn
M(2) id®\LM(incl)
H(Sym(HP", grs)) ® Mygpn-1

that in this case M(¢): Mgprn — H(Sym(HP")) ® Mypm is still induced by the assignment

agr>ay  and  bapgsz Y Quats @ aj @
a=0

However, since ay~“ is exact for &« < m, we have more gauge freedom, and can choose the
H: Mgprn — Aft,dt] ® H(Sym(HP", grs) @ Mgpm that is given by

H(a) =101®a4

n
H(b4n+3) =1 & azimb4m+3 + Z q4a+3 & azfa

a=0
m—1 m—1 1
—t® Z Qa3 @ ay ¢ —dt ® Z Qaa+3 ® GZ_Q_(m+ )b4m—|—37
a=0 a=0
to obtain the claimed formula. O

We finally in the position to prove the main results of this article.

Theorem 3.7. For all 1 < m < n, the inclusions s: Sym(KP", grg)/Stab(KP™) — C(KP™,KP")
induced by the left action induce isomorphisms on rational homotopy groups in the following degrees:

mu(s): m(U(n + 1)/(U(1) x U(n — m))g — mx(C(CP™,CP"),incl)g  for all k > 0,
me(s): m(Sp(n + 1)/(Zy x Sp(n — m))g — m(C(HP™, HP"), incl)q for all k > 3,
me(s): me(Fa)g — mr(hAut(OP?),id)g for all k > 11,
me(s): mx(Fy / Spin(7))g — mx(C(OP',0P?), incl)g for all k > 0.

In the remaining cases, the target groups are zero and the kernels of the homomorphisms are given
by w3(Sp(n +1)/(Zz x Sp(n —m)))g = Q and m3(F4)g = m1(Fa)g = Q.

Proof. From Example 2.9 and Lemma 2.14, we see that rational homotopy groups of the left and
the right hand side are isomorphisms in the claimed degrees and that the target groups are zero
otherwise. The kernel can now easily be read of from Example 2.9. It remains to show that the
inclusion a.k.a the adjoint of the symmetry group action induces these isomorphisms.

We spell the proof in detail for the fourth case, that is for the map F4 / Spin(7) — C(OP!,OP?),
but we do in a way that allows a straightforward adaptation to the other cases. For k = 2,3,
the homotopy groups mgx—1(F4)g = Q, and by Theorem 2.2 we see that a generator fg;_; can be
modelled by the dga-homomorphism M(gsx—1) = agk—1 ® &g, 1 : H(F4) = Mgsk—1 = Afagi_1] that
sends g1 to agx—1 and the other generators to zero.

By Theorem 2.1 composition with the rationalisation-map lgp: OP? — @Pé induces a rational-
isation C(OP!,OP?% incl) — C(OP',0P%;lg o incl). By the exponential law and the universal
property of a Q-localisation, each composition

g1 L F,&2= C(OP', OP?;incl) foe) Cc(oP!, (O)Pé; lg o incl)
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adjoins to the following composition

fQ X inle ZQ

8k—1
Sp ' x OF} Fyq x OPy OFg.
Its homotopy class is modelled by the homotopy class of the composition of dga-homomorphism

M(£) M(f)®id

M@PQ H(F4) X M@p1 M58k71 X M@p1.

From Proposition 3.6 we deduce that under this identification the composition Ig o s o ggi—1 is
represented by the dga-homomorphism determined by ag +— 1®ag and bog — 1®agbis+agr_1 ®a§*k,

while the composition with the constant map S8 ~1 oMt By Cc(oP!, (O)Pé; lgoincl) is represented
by the homotopy class of the dga-homomorphism given by ag — 1 ® ag and bos — 1 ® agbis, the
rational model of the inclusion incl: OP' < QP2. For k = 2, 3, the elements ag_k is not exact in
Mgp1, and we deduce from Proposition 3.1 that the two dga-homomorphisms are not homotopic.

We conclude that s: Fy — C(OP!, OP?) induces a non-zero map between their rational homotopy
groups in all degrees where the target is non-zero; by dimension reasons the map is therefore an
isomorphism. Since s factors through F, /Stab(QOP') = F4 / Spin(7), which has isomorphic rational

homotopy groups to F4 in these degrees, the induced map remains an isomorphism. ]

The same proof-technique applies to the case of spheres. In contrast to projective spaces, here we
have homotopy automorphisms that do not arise from the symmetry group of the target.

Theorem 3.8. For all 1 < m < n, the homomorphism m,(s): m.(SO(n + 1))gp — 7r(hAut(S™))g
induced by canonical inclusion s: SO(n + 1) — C(S™, S™) is the zero map unless r =n =m, in
which case it is an isomorphism.

Proof. As in the previous proof, whether or not the map S” — SO(n + 1) 3 C(S™, S";incl)
represents the zero element in 7,(C(S™,S™))qg can be read off from the homotopy class of the dga
homomorphism

M(2) M(f)®id

MSn

H(SO(n+1)) ® Mgm

which is the zero map if m < n. If m = n is odd, then by Proposition 3.5 the composition is the
dga-homomorphism determined by a,, — 1 ® a,, + M(f)(e,,) ® 1, which is not homotopic to the
identity if [f] € 7,(SO(n + 1))@ represents the element .

If m = n is odd, then by Proposition 3.5 the composition is the dga-homomorphism determined
by ap — 1® a, and boy—1 — 1 @ bay—1 + M(f)(72,—1) ® 1, which is not homotopic to the identity if
[f] € m2,—1(SO(n + 1))@ has the linear map 7y, _; as rational model. O

Mgr @ Mgm,
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